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Finite Horizon Tabular MDPs
M = (S,A,H , {ph}h∈[H], s1)

Value function
For a policy π = {πh}h∈[H] for a reward function r : [H]× S ×A → [0, 1]

V π
h (s; r) = Eπ

[
H∑
`=h

r`(S`,A`)

∣∣∣∣∣ Sh = s

]
A` ∼ π`(S`)

S`+1 ∼ p`(·|S`,A`)
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Online episodic algorithm

In each episode t = 1, 2, . . . , the agent
selects an exploration policy πt based on past data Dt−1

collects an episode under this policy

Dt = Dt−1 ∪ {(s t1, at1, s t2, at2, . . . , s tH , atH)}

where s t1 = s1, ath ∼ πt
h(s th) and s th+1 ∼ ph(·|s th, ath)

can decide to stop exploration → adaptive stopping time τ
if so, can output a prediction, e.g. a good policy π̂

Goal : make a Probaby Approximately Correct (PAC) prediction
Performance metric : Sample Complexity τ (number of episodes needed)
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Best Policy Identification (BPI)

Ü Learn the optimal policy for a known reward function r

[Fiechter, 1994]
Algorithm :

exploration policy πt

stopping rule τ
π̂ : guess for a good policy

(ε, δ)-PAC algorithm for Best Policy Identification

P
(
V ?
1 (s1; r)− V π̂

1 (s1; r) ≤ ε
)
≥ 1− δ

Worse case sample complexity : τ = O
(

SAH3

ε2
log
(
1
δ

))
, w.h.p.

[Dann et al., 2019, Ménard et al., 2021]
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Reward Free Exploration (RFE)

Ü Learn the optimal policy for any reward function r given afterwards
[Jin et al., 2020]

Algorithm :
exploration policy πt

stopping rule τ
for any r = (rh(s, a)) ∈ [0, 1]HSA, guess π̂r for a good policy

(ε, δ)-PAC algorithm for Reward-Free Exploration

P
(
for any r ∈ B,V ?

1 (s1; r)− V π̂r
1 (s1; r) ≤ ε

)
≥ 1− δ

Worse-case sample complexity : τ = O
(

SAH3

ε2

(
log
(
1
δ

)
+ S

))
, w.h.p.

[Ménard et al., 2021] → Beyond worse case ?
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Covering an MDP
Let c : [H]× S ×A → R+ be a target function.

δ-correct c-coverage
An algorithm (πt)t∈N is a δ-correct c-coverage if it interacts withM and
return a dataset Dt such that

P
(
∃t ≥ 1, ∀(h, s, a), nth(s, a) ≥ ch(s, a)

)
≥ 1− δ.

where nth(s, a) is the number of visits of (h, s, a) in Dt

Sample complexity :

τ = inf
{
t ∈ N : ∀h, s, a, nth(s, a) ≥ ch(s, a)

}
Emilie Kaufmann An instance-dependent view on PAC RL EWRL’ 23 9 / 38



Active coverage : Protocol of interaction

Algorithm 1 Protocol of interation

1: Input : target function c
2: Initialize dataset D0 ← ∅
3: Set target set X = {(s, a, h) ∈ [H]× S ×A : ch(s, a) > 0}
4: for t = 1, 2, . . . do
5: πt ← CoverageAlgorithm()
6: Play πt and observe trajectory Ht := {(s th, ath, s th+1)}1≤h≤H−1
7: Update dataset Dt ← Dt−1 ∪Ht and counts.
8: If ∀(h, s, a) ∈ X , nth(s, a) ≥ ch(s, a) :
9: Stop and return Dt

10: end for
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Lower bound : Intuition

Visitation probabilities
For a policy π, pπh (s, a) := Pπ (Sh = s,Ah = a)

Imagine that the agent uses a fixed exploration policy πt = πexp.
p
πexp
h (s, a) is the probability of visiting (h, s, a) in one episode.

The expected number of episodes before its first visit is 1/pπexp
h (s, a).

The expected number of episodes before getting ch(s, a) visits from all
(h, s, a) is max

h,s,a

ch(s,a)

p
πexp
h (s,a)

.

Optimizing over πexp, the agent may satisfy the sampling requirements with

τ ' inf
πexp∈ΠS

max
h,s,a

ch(s, a)

p
πexp
h (s, a)
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Lower bound : Statement

Theorem [Al Marjani et al., 2023]

For any target function c and δ ∈ [0, 1), the stopping time τ of any
δ-correct c-coverage algorithm satisfies E[τ ] ≥ (1− δ)ϕ?(c), where

ϕ?(c) = inf
πexp∈ΠS

max
(s,a,h)∈X

ch(s, a)

p
πexp
h (s, a)

,

with X := {(h, s, a) : ch(s, a) > 0}.

proof : alternative LP formulation (stochastic minimum flow)

ϕ?(c) = min
η∈RSAH

∑
a∈A

η1(s1, a),

subject to
∑
a∈A

ηh(s, a) =
∑
s′∈S

∑
a′∈A

ph−1(s|s′, a′)ηh−1(s′, a′) ∀s ∈ S, h > 1,

ηh(s, a) ≥ ch(s, a) ∀h ∈ [H], s ∈ S, a ∈ A, η1(s, a) = 0 ∀s ∈ S \ {s1}, a ∈ A.
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Motivation for coverage

In MDPs with deterministic transitions and Gaussian rewards, we manage to
prove that any (ε, δ)-PAC BPI algorithm satisfies

∀h, s, a, E[nτh(s, a)] ≥ C0 log(1/δ)

∆
2
h(s, a) ∨ ε2

for some appropriate (return) “gap” ∆h(s, a). [Tirinzoni et al., 2022]

Ü leads to the sample complexity lower bound

E[τ ] ≥ ϕ?(c)

Ü we match it by (adaptively) covering triplets with small (estimated) gaps
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Insight on ϕ? : Deterministic MDPs
Time inhomogeneous Deterministic MDPs ≡ DAG with nodes N and arcs E

s1

s1s2

s2
s3 s4 s1

s5

1,1 1,1 1,1 1,1

2,1 2,1

4,1

1,1 1,1
1,1

1,12,1

3,1

Flow η : E → [0,∞) :
∑

(s′,a′)∈Ih(s) ηh−1(s ′, a′) =
∑

a∈Ah(s) ηh(s, a) ∀(s, h) ∈ N

Minimum flow for target function c : E → [0,∞)

ϕ?(c) = minη
∑

a∈A1(s1) η1(s1, a) s.t. ηh(s, a) ≥ ch(s, a) ∀(s, a, h) ∈ E
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Insight on ϕ? : General case

We prove the following bounds :

max
h

∑
s,a

ch(s, a) ≤ ϕ?(c) ≤
∑
h

inf
πexp∈ΠS

max
s,a

ch(s, a)

p
πexp
h (s, a)

≤
∑
h,s,a

ch(s, a)

maxπ pπh (s, a)

Ü featured in the gap-visitation complexity in the sample complexity
bound obtained for a BPI algorithm, MOCA
[Wagenmaker et al., 2022]
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Principle

ϕ?(c) = inf
πexp∈ΠS

max
(h,s,a)∈X

ch(s, a)

p
πexp
h (s, a)

with X = {(h, s, a) : ch(s, a) > 0}

1
ϕ?(c)

= sup
πexp∈ΠS

min
(s,a,h)∈X

p
πexp
h (s, a)

ch(s, a)

= sup
πexp∈ΠS

inf
λ∈∆X

∑
h,s,a

p
πexp
h (s, a)λh(s, a)

ch(s, a)

= value of a game !

where ∆X is the simplex over X .
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Principle

1
ϕ?(c)

= sup
πexp∈ΠS

inf
λ∈∆X

∑
h,s,a

p
πexp
h (s, a)λh(s, a)

ch(s, a)

∑
h,s,a

p
πexp
h (s,a)λh(s,a)

ch(s,a)
= V πexp(s1; r̃)

value function for the reward function r̃h(s, a) = λh(s,a)
ch(s,a)∑

h,s,a
p
πexp
h (s,a)λh(s,a)

ch(s,a)
= λ> (pπexp/c)

linear loss function

!4unknown MDP : V πexp and pπexp cannot be computed
Ü use online learners !

[Degenne et al., 2019, Zahavy et al., 2021, Tiapkin et al., 2023]
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CovGame

Algorithm 2 (Simplified) CovGame

1: Input : target function c , risk δ.
2: Adversarial RL algorithm AΠ, Online learner Aλ.
3: Initialize weights λ1h(s, a)← 1((h, s, a) ∈ X )/|X | for all h, s, a
4: for t = 1, 2, . . . do
5: Define reward function r̃ th(s, a) =

λth(s,a)

ch(s,a)
1((h, s, a) ∈ X )

6: Feed AΠ with r̃ t , confidence δ/2 and get exploration policy πt

7: Play πt and observe trajectory Ht := {(s th, ath, s th+1)}1≤h≤H−1
8: Feed Aλ with linear loss `t and get new weight vector λt+1

`t(λ) =
∑

(h,s,a)∈X

λh(s, a)
1(sth = s, ath = a)

ch(s, a)

9: If ∀(h, s, a), nth(s, a) ≥ ch(s, a) : Stop and return Dt
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Why does it work ? From counts to values.

min
h,s,a

nTh (s, a)

ch(s, a)
= inf
λ∈∆X

∑
(h,s,a)∈X

λh(s, a)

∑T
t=1 1(sth = s, ath = a)

ch(s; a)

= inf
λ∈∆X

T∑
t=1

`t(λ)

≥
T∑

t=1

`t(λ
t)− Reg(Aλ,T ) //regret of the λ learner

=
T∑

t=1

∑
(h,s,a)∈X

1(sth = s, ath = a)
λth(s, a)

ch(s, a)
− Reg(Aλ,T )

≥
w.h.p.

T∑
t=1

∑
(h,s,a)∈X

pπt
h (s, a)r̃ th(s, a)−

1
cmin

√
T log

(
4T 2

δ

)
− Reg(Aλ,T ) //Azuma

=
T∑

t=1

Vπt (s1, r̃t)−
1

cmin

√
T log

(
4T 2

δ

)
− Reg(Aλ,T )

Emilie Kaufmann An instance-dependent view on PAC RL EWRL’ 23 20 / 38



Why does it work ? From values to ϕ?.

Needed for the RL algorithm : If AΠ is run with confidence 1− δ on a
sequence of rewards {λt}t≥1 with λt ∈ P(X ), w.p. 1− δ, for all T > 1,

T∑
t=1

V ?
1
(
s1;λt

)
−

T∑
t=1

V πt
1
(
s1;λt

)
≤ Regδ(Aπ,T )

T∑
t=1

Vπt (s1, r̃t) ≥
w.h.p.

T∑
t=1

V ?(s1, r̃t)− Regδ/2(Aπ ,T )

=
T∑

t=1

sup
π∈ΠS

∑
h,s,a

pπh (s, a)
λth(s, a)

ch(s, a)
− Regδ/2(Aπ ,T )

≥ T sup
π∈ΠS

∑
h,s,a

pπh (s, a)

∑T
t=1 λ

t
h(s,a)

T

ch(s, a)
− Regδ/2(Aπ ,T )

≥ T inf
λ∈∆X

sup
π∈ΠS

∑
h,s,a

pπh (s, a)
λh(s, a)

ch(s, a)
− Regδ/2(Aπ ,T )
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Putting things together

With probability larger than 1− δ, for all T ,

min
h,s,a

nTh (s, a)

ch(s, a)
≥ T

ϕ?(c)
−

[
Regδ/2(Aπ,T )− Reg(Aλ,T )− 1

cmin

√
T log

(
4T 2

δ

)]
︸ ︷︷ ︸

for standard regret minimizers O(
√
T/cmin)

Hence

T = 2ϕ?(c) +O

((
ϕ?(c)

cmin

)2
)

implies min
h,s,a

nTh (s, a)

ch(s, a)
≥ 1

Limitation : If cmax

cmin
� 1, the second order term is not negligible...

cmin = min
(h,s,a)∈X

ch(s, a) and cmax = max
(h,s,a)∈X

ch(s, a)
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(Full) CovGame

Two modifications to obtain better guarantees :

Cluster triplets (h, s, a) by their order of magnitude

Yk = {(h, s, a) : ch(s, a) ∈ [cmin2k , cmin2k+1]}

and restart the λ-learner when one of this set has been covered

Rely on first-order regret bounds for Aλ and Aπ
I Aλ : Weighted Majority Forecaster (WMF) with variance-dependent

learning rate
[Cesa-Bianchi et al., 2005]

I Aπ : variant of UCB-VI (new analysis)
[Azar et al., 2017]
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Near-Optimal Coverage
An optimistic algorithm

πt(s) = argmax
a∈A

Q
t
h

(
s, a; r̃ th

)
Q

t
h (s, a; r) =

[
rh(s, a) + Bt

h(s, a) +
∑
s′∈S

p̂th(s ′|s, a) max
b

Q
t
h+1(s, b; r)

]
∧ 1

... for the a time-varying reward r̃ t ∈ ∆X

r̃ th(s, a) ∝ exp (−ηt [nth(s, a)− nrth (s, a)])1
(
ch(s, a) > cmin2kt

)
Theorem [Al Marjani et al., 2023]

Let m = dlog2(cmax/cmin)e ∨ 1. With probability at least 1− δ, the stopping
time of CovGame with WMF and UCBVI is bounded by

τ ≤ 64mϕ?(c) + Õ(mϕ?(1X )SAH2(log(1/δ) + S)),

Emilie Kaufmann An instance-dependent view on PAC RL EWRL’ 23 24 / 38



Near-Optimal Coverage
An optimistic algorithm

πt(s) = argmax
a∈A

Q
t
h
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r̃ th(s, a) ∝ exp (−ηt [nth(s, a)− nrth (s, a)])1
(
ch(s, a) > cmin2kt

)
Links with existing exploration algorithms

indicator-based rewards are more common in the literature, e.g.
r̃ th(s, a) = 1 (nth(s, a) < ch(s, a)) for GOSPRL [Tarbouriech et al., 2021]

other form of time-varying rewards proposed for entropy exploration
[Tiapkin et al., 2023]
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Proportional Coverage

Idea : visit each (h, s, a) in proportion to its maximum reachability :

ϕ?
([

max
π

pπh (s, a)
]
h,s,a

)

Remark : link with the concentrability coefficient

ϕ?
([

max
π

pπh (s, a)
]
h,s,a

)
= inf

ρ∈Ω
max
s,a,h

maxπ p
π
h (s, a)

ρh(s, a)︸ ︷︷ ︸
Cconc(ρ)

a complexity measure in the offline RL literature
[Chen and Jiang, 2019, Xie et al., 2023]
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Why Proportional Coverage ?

Sufficient condition for RFE [Jin et al., 2020] : have a good estimate of the
value functions of all policies, for all reward functions

∀π ∈ ΠD ,∀r ∈ B,
∣∣∣V t,π

1 (s1; r)− V̂ t,π
1 (s1; r)

∣∣∣ ≤ ε

2

New concentration inequality [Al Marjani et al., 2023]

∀π ∈ ΠD , ∀r ∈ B,
∣∣V π

1 (s1; r)− V̂ π,t
1 (s1; r)

∣∣ ≤√√√√β(t, δ)
∑

(h,s,a)∈Xε

pπh (s, a)2

nth(s, a)
+
ε

4
,

where Xε ⊆
{

(h, s, a) : maxπ p
π
h (s, a) ≥ ε

4SH2

}
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Proportional Coverage Exploration

Algorithm 3 Proportional Coverage Exploration
1: Input : Precision ε, Confidence δ.
2: For each (h, s), run EstimateReachability((h, s)) to get confidence inter-

vals
[
W h(s),W h(s)

]
on maxπ p

π
h (s)

3: Define X̂ := {(h, s, a) : W h(s) ≥ ε
32SH2}

4: for k = 1, . . . do
5: Compute targets ckh (s, a) := 2kW h(s)1

(
(h, s, a) ∈ X̂

)
for all (h, s, a)

6: Execute CovGame
(
ck , δ/6(k + 1)2

)
to get dataset Dk of dk episodes

7: Update episode count tk ← tk−1 + dk and statistics nkh(s, a), p̂kh (.|s, a)
8: if

√
Hβ(tk , δ/3)24−k ≤ ε then stop and return Dk

9: end for
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Sample complexity

Theorem [Al Marjani et al., 2023]

Proportional Coverage Exploration is (ε, δ)-PAC for reward free exploration.
Moreover, with probability at least 1− δ its sample complexity satisfies

τ ≤ Õ
((

H3 log(1/δ) + SH4)ϕ?([supπ p
π
h (s)1(supπ p

π
h (s) ≥ ε

32SH2 )

ε2

]
h,s,a

)
︸ ︷︷ ︸

C(M,ε)

+
S3A2H5(log(1/δ) + S)

ε

)
.

Emilie Kaufmann An instance-dependent view on PAC RL EWRL’ 23 29 / 38



Beyond worse case

Minimax lower bound : Ω
(SAH3 log(1/δ)

ε2
+ S2AH

ε2

)
As C(M, ε) ≤ SAH/ε2, we always have

τ ≤ Õ
(
SAH4 log(1/δ)

ε2
+

S2AH5

ε2
+

S3A2H5(log(1/δ) + S)

ε

)
For disguised contextual bandits (ph(s ′|s, a) = ph(s ′|s)), C(M, ε) = A/ε2

τ ≤ Õ
(
AH3 log(1/δ)

ε2
+

SAH5

ε2
+

S3A2H4(log(1/δ) + S)

ε

)
A class of MDPs depending on α ∈ (0, 1) such that C(M, ε) ≤ SαAH/ε2

τ ≤ Õ
(
SαAH4 log(1/δ)

ε2
+

S1+αAH5

ε2
+

S3A2H5(log(1/δ) + S)

ε

)
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Best Policy Identification

Idea : combine proportional coverage with eliminations

Deterministic MDPs with random rewards

Theorem [Tirinzoni et al., 2022]

Elimination for PAC RL (EPRL) uses smart action eliminations and obtains
a near-optimal sample complexity
(it matches the ϕ? lower bound up to logarithmic terms and an H2 factor)
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Best Policy Identification

General stochastic MDPs

MOCA PEDEL PRINCIPLE
[Wagenmaker et al., 2022] [Wagenmaker and Jamieson, 2022] [Al Marjani et al., 2023]

proportional optimal proportional
coverage design coverage
action policy implicit policy

elimination elimination elimination
value gap policy gap policy gap

based sample based sample based sample
complexity complexity complexity
efficient intractable efficient

∆h(s, a) = V ?
h (s)− Q?

h(s, a) versus ∆(π) = V ?
1 (s1)− V π

1 (s1)
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Summary & Perspective

CovGame is a near-optimal algorithm algorithm for collecting a prescribed
number of visits in an episodic MDP

Proportional Coverage Exploration is based on CovGame and achieves the
first instance-dependent guarantees for Reward Free Exploration

The instance-dependent complexity of Best Policy Identification is still to be
understood in stochastic MDPs

different algorithms with different gap-dependent sample complexity
... that are essentially incomparable

Ü Lower bound ? A computationally efficient algorithm that attains it ?
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Sample complexities bounds for BPI
For MOCA, PEDEL and PRINCIPLE we have

τ = Õε,δ
(

Alg(M, ε) log

(
1
δ

))
where

MOCA(M, ε) = H2
H∑

h=1

min
ρ∈Ω

max
s,a

1
ρh(s, a)

min

(
1

∆̃h(s, a)2
,
Wh(s)2

ε2

)

+
H4
∣∣(h, s, a) : ∆̃h(s, a) ≤ 3ε/Wh(s)

∣∣
ε2

PEDEL(M, ε) = H4
H∑

h=1

min
ρ∈Ω

max
π∈ΠD

∑
s,a

pπh (s, a)2/ρh(s, a)

max(ε,∆(π),∆min(ΠD))2

PRINCIPLE(M, ε) = H3ϕ?

([
sup
π∈ΠS

pπh (s, a)

max(ε,∆(π))2

]
h,s,a

)
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