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Abstract
Deep Q-network algorithm is a successful and scalable algorithm on a variety of application domains. The algorithm
incrementally trains a Q-network using one-step gradient descent over a mini-batch of randomly sampled transitions in a
replay buffer. In this work, we formalize the Deep Q-network algorithm using an abstract algorithm, Neural asynchronous
Q-iteration. We show convergence at a rate O(γ̃ N ), where N is the number of iterations, γ̃ is a contraction coefficient
that depends on a neural network and a rate of a mini-batch update. In particular, we show that Neural Tangent Kernel of
a multi-layer ReLU neural network is a non-expansive operator and asynchronous Bellman operator is a smooth Bellman
operator on average. Compared to previous work, our analysis is carried in the infinite-dimensional value function space
w.r.t. kernel-based value functions. In this space, the algorithm takes a simple form, called Kernel Value Iteration.
Keywords: deep reinforcement learning, approximate dynamic programming, neural tangent kernel

1. Introduction
Starting with the Deep Q-network (DQN) algorithm Mnih et al. (2015), the combination of deep neural networks and
RL algorithms has been successful in solving large-scale problems. The DQN algorithm performs an iterative update
of the Q-network parameters, similarly to a gradient descent on a squared Bellman residual, using a mini-batch of
randomly sampled transitions from a replay buffer. Motivated by the success of DQN and derived algorithms, we
propose a DQN model based on Q-iteration, analyse its convergence and error propagation.
Previous work analysed the DQN algorithm as an instance of Q-learning algorithm Xu and Gu (2020) and as an
instance of fitted Q-iteration Fan et al. (2020). In these analysis, the optimal Q-network is assumed to be close to the
optimal Q-function. Q-learning analysis√Xu and Gu (2020) provides convergence in terms of expected performance
averaged across iterations at a rate O(1/ N ), where N is the number of iterations. Fitted Q-iteration analysis Fan et al.
(2020) provides convergence in terms of weighted L1 -distance to the optimal Q-function with a term decreasing at a
rate O(γ N +1 ), where γ is a discount factor, and an error term due to the finite sample of transitions to approximate
Q-function.
In this work, we model DQN as an instance of abstract algorithm, Neural asynchronous Q-iteration. This algorithm
is a Q-iteration with asynchronous update of state-action pairs Barto et al. (1995) and neural network function
approximator Riedmiller (2005). We provide convergence in terms of L∞ -distance to the fixed point at a rate O(γ̃ N ),
where γ̃ := kKN T K kop (βγ + 1 − β). Specifically, neural network function approximation results in the operator
norm of the (empirical) Neural Tangent Kernel Jacot et al. (2018) KN T K , asynchronous update results in a smoothing
coefficient of smooth Bellman operator Smirnova and Dohmatob (2020) β ∈ (0, 1], given by the ratio of mini-batch
size to replay buffer size. As we show γ̃ < 1, the Neural asynchronous Q-iteration converges at N → ∞. Further, the
sampling noise of approximate Bellman update is down-weighted by a smoothing coefficient.
In more detail, we view Neural asynchronous Q-iteration in parameter space as Neural Tangent Kernel (NTK) value
iteration in value function space. In this view, value function is in a Hilbert space, induced by NTK kernel. We show
that kernel-based value iteration converges with normalized positive definite kernel function, such as (empirical) NTK
kernel. We use the smooth Bellman operator to model random mini-batch updates. We provide a combined performance
bound of empirical NTK value iteration with smooth Bellman operator, sampled at one transition.

Related work The related work includes recent analysis of wide neural networks Jacot et al. (2018); Chizat et al.
(2018), that propose to model neural network as a linear model w.r.t. the NTK kernel. Value iteration in Hilbert space
has been considered as kernel smoothing Ormoneit and Sen (2002) and in regularized approximate setting massoud
Farahmand et al. (2009). Q-iteration in parameter space of a neural network has been studied in the finite-sample
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case Riedmiller (2005). Fitted Q-iteration has been analysed w.r.t. a function approximation operator of Q-function Gordon (1995).
Contributions To summarize, our contributions are as follows. (1) We propose a model of random mini-batch update
as a smooth Bellman operator (Section 3.1). (2) We formalize Deep Q-network using linearization of over-parametrized
Q-function (Section 3.3). (3) We propose a model of one-step gradient descent update of Deep Q-network as kernelbased value iteration with Neural Tangent Kernel (Section 4). (4) We show convergence of the resulting model w.r.t.
smoothing coefficient, given by the mini-batch sampling ratio, and the operator norm of empirical Neural Tangent
Kernel (Section 4.2).
Outline We present our analysis as follows. First, we present the background on approximate dynamic programming
framework (Section 2). Next, we formalize the DQN algorithm as Neural asynchronous Q-iteration (Section 3). We
analyse this algorithm as an instance of kernel-based value iteration, with the NTK kernel (Section 4).

2. Approximate dynamic programming
∆X will denote the set of probability distributions over a finite set (or general measurable space) X and Y X is a set of
functions from set X to set Y .
2.1 Markov Decision Process
We consider the framework of Markov Decision Process M := (S, A, P, R, γ), where S is a state space, A is a finite
set of actions, P (·|s, a) : S × A → ∆S is a transition function, R : S × A → R is a bounded reward function,
γ ∈ (0, 1) is a discount factor. Taking action a ∈ S in a state s ∈ S results in a transition according to a probability
distribution P (·|s, a) and a reward R(s, a).
Define a value function V : S → R of a policy P
π : S → ∆A by the expected sum of discounted rewards collected by
∞
this policy starting at a given state V π (s) := E[ t=0 γ t r(st , at )|s0 = s]. It is convenient to define
P∞a value function of
a state-action pair, called Q-function Q : S × A → R of a policy π, given by Qπ (s, a) := E[ t=0 γ t r(st , at )|s0 =
s, a0 = a], such that V π (s) = Qπ (s, π(s)). The goal is to find the optimal value function, defined as a maximum value
function over a set of policies state-wise V ∗ := maxπ V π .
Define the Bellman operator T π : V → V of a policy π as follows [T π V ](s) := Ea∼π(·|s) [r(s, a)+γEs0 ∼P (·|s,a) [V (s0 )]].
Value function of a policy π is a unique fixed point of Bellman operator of policy π, i.e. T π V π = V π , where the
equality holds state-wise. Define the optimal Bellman operator T : V → V as a maximizing operator across all policies
T V := maxπ T π V . The maximizing policy is given by the greedy policy π(·|s) = G(V ) = arg maxa [r(s, a) +
γEs0 ∼P (s0 |s,a) [V (s0 )]. Optimal value function is a unique fixed point of the optimal Bellman operator, i.e. T V ∗ = V ∗
and the optimal policy is given by π ∗ = G(V ∗ ), where the equality holds state-wise. Similarly, Bellman operator and
optimal Bellman operator can be defined for Q-function.
2.2 Q-iteration
Q-iteration is an abstract dynamic programming algorithm that creates a sequence of Q-functions by applying the
optimal Bellman operator (QI) Qk+1 ← T Qk . It is known that this sequence converges to the optimal Q-function at a
rate O(γ N ), where N is the number of iterations. In the case of large or infinite state space, a parametrized function
class is used to represent Q-function. In addition, if transition function is unknown, the optimal Bellman operator is
computed approximately. This motivates the approximate Q-iteration scheme
(Approx QI)

Qk+1 ← T Qk + k+1 ,

where k ∈ RS×A is a per-state error vector.
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3. Neural asynchronous Q-iteration
Motivated by the DQN algorithm, we analyse an abstract algorithm, Neural asynchronous Q-iteration. It builds on
the top of asynchronous Q-iteration Barto et al. (1995), defined as a standard Q-iteration where a random subset of
state-action pairs is updated at each iteration (Section 3.1). This scheme formalizes random mini-batch update that, in
expectation, is given by a smooth Bellman operator. Thus, the smooth Bellman target represents the average mini-batch
update. Regression problem w.r.t. neural network parameters to the smooth Bellman target using squared objective
defines a step of Neural asynchronous Q-iteration. A gradient descent step on this regression objective formalizes the
DQN incremental update (Section 3.2).
Recent work on analysis of wide neural networks Jacot et al. (2018); Chizat et al. (2018) suggests a regression problem
w.r.t. a value function obtained by linearizing neural network around initialization. This results in Linearized Neural
Value Iteration, defined in terms of value function (Section 3.3). Further, one-step gradient descent on a squared
objective w.r.t. linearized value function results in a kernel-based value function, w.r.t. the Neural Tangent Kernel
(Section 4).
3.1 Asynchronous Q-iteration
In the DQN algorithm a random subset of state-action pairs is updated at each time step, called mini-batch. In the
following, we show that it results in a standard Q-iteration with a smooth Bellman operator Tβ in expectation, where
the coefficient β is given by a probability of sampling a state-action pair from a replay buffer at each time-step. To
show this, define an asynchronous Bellman operator for a Bernoulli random variable y ∼ Bern(β)

[T Q](s, a), if ys,a = 1
[T̂β ]Q(s, a) :=
(2)
Q(s, a),
else.
Taking β = m/M , where m is a size of a mini-batch and M is a size of a replay buffer, this operator formalizes the
asynchronous process of the DQN. In expectation, we obtain the smooth Bellman operator
Tβ = Ey [T̂β ] = Ey [(1 − y)I + yT ] = (1 − β)I + βT .

(3)

Therefore, the DQN algorithm implements on average the Q-iteration with a smooth Bellman operator Qk+1 ← Tβ Qk .
Alternatively, it can be seen as a standard Q-iteration at scale T = 1/β, i.e. on average the update every T time-steps
corresponds to the standard Bellman update.
3.2 Neural asynchronous Q-iteration
In the DQN algorithm, the Q-function is represented by a neural network Qθ , θ ∈ Rd . This motivates the following
scheme
(Neural async QI) θk+1 ← arg min kQθ − Tβ Qk k22 , Qk+1 ← Qθk+1 ,

(4)

θ∈Rd

that iteratively fits a Q-function, represented by a neural network with parameters θ, into a smooth Bellman target that
corresponds to an average mini-batch update.
3.3 Linearized Neural Value Iteration
In the DQN algorithm, the parameters of Q-function are continuously updated at each time step using a stochastic
mini-batch gradient descent, e.g. θk+1 ← θk − η∇θ QTθ (Qθ − T Qk ) θ=θ , where η > 0 is a (small) learning rate. This
k
setup is referred in the literature as "re-using" the Q-function.
In the following, we will use value function notation. Consider parametrized value function Vθ : θ ∈ Rd → V ∈ RS .
Consider linearization of value function around initialization Vθ = V0 + DV0 (θ − θ0 ), where θ0 ∈ Rd is an initial
vector of parameters, V0 = Vθ0 is an initial value function, DV0 : S → Rd denotes the gradient of Vθ at a given state
evaluated at θ = θ0 . For example, over-parametrized neural networks can be viewed as linear model around random
3
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initialization sampled from standard Gaussian distribution Jacot et al. (2018), i.e. θ0 ∼ N (0, σ 2 I). More generally,
parametrized functions in lazy regime behave as linear models around initial parameter values under gradient descent
training Chizat et al. (2018).
Define a space of linearized value functions around initialization Flin = {V = V0 + DV0 (θ − θ0 ), θ ∈ Rd }, where
DV0 : S → Rd is a gradient of the value function w.r.t. parameters, evaluated at θ = θ0 . This suggests the following
value iteration algorithm
(Linearized VI) Vk+1 ← arg min kV − T Vk k22 .
(5)
V ∈Flin

Each iteration is a functional regression of Bellman update to a set of linearized functions. In parameter space, each
iteration is a quadratic optimization problem w.r.t. θ
(Linearized VI)

θk+1 ← arg min kV0 + DV0 (θ − θ0 ) − T Vk k22 , Vk+1 ← Vθk+1 .

(6)

θ∈Rd

One-step gradient descent on the above regression objective results in the following update
θk+1 = θ0 − η(∇θ VθT (V0 + DV0 (θ − θ0 ) − T Vk ))

θ=θ0

= θ0 + η∇VθT0 (T Vk − V0 ).

(7)

In value function space, we have
Vθk+1 = V0 + ∇Vθ0 (θk+1 − θ0 ) = V0 + η∇Vθ0 ∇VθT0 (T Vk − V0 ),

(8)

Vk+1 = V0 + ηK0 (T Vk − V0 ),

(9)

becomes
where K0 := ∇Vθ0 ∇VθT0 is a tangent kernel at initialization, where K0 (s, s0 ) = h∇Vθ0 (s), ∇Vθ0 (s0 )i.

4. Kernel Value Iteration
Let V0 = 0. From (9), Linearized VI with one gradient step training defines (Tangent) Kernel Value Iteration
(Kernel VI) Vk+1 = K0 T Vk .

(10)

Kernel VI is defined w.r.t the kernel operator K0 : V → V , induced by kernel function k0 : S × S → R, e.g. tangent
kernel of over-parametrized neural network at random initialization is given by k0 (s, s0 ) = h∇Vθ0 (s), ∇Vθ0 (s0 )i and
K0 = ∇Vθ0 ∇VθT0 .
Note that Kernel VI with K0 = I corresponds to standard VI.
In the finite-sample case, K0 ∈ Rn×n is given by kernel Gram matrix (K0 )ij = k0 (si , sj ), i, j = [n] of a set of
samples {si }ni=1 .
In the following, we show convergence of Kernel VI with normalized positive definite kernel function (Proposition 1).
In particular, convergence holds for Neural Tangent Kernel of a multi-layer ReLU neural network.
4.1 Convergence
Let state space S ⊂ Rd be a compact set with normalized Euclidean measure, µ(S) = 1.
Consider a positive definite kernel function k : S × S → R with bounded norm, i.e. symmetric function that defines a
valid dot-product in Rn , ha, aiK := ha, Kai > 0, where a ∈ Rn , a 6= 0, and Kij = k(si , sj ), i, j = [n] is a kernel
Gram matrix of a set {si }ni=1 .
By Mercer theorem, positive definite kernel function induces an integral operator K : V → V , defined as
Z
[KV ](s) := hk(s, ·), V i =
k(s, ·)V dµ ∀s ∈ S.

(11)

S

Using standard construction, Kernel VI defines value iteration in the Reproducing Kernel Hilbert Space (RKHS),
Hk = span(k(s, ·), s ∈ S), induced by positive definite bounded kernel function.
4
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Define the operator norm of integral operator kKkop := inf{c ≥ 0 : kKV k ≤ ckV k, V ∈ RS }. Then, convergence of
Kernel VI is given by the operator norm of K, namely, for any V1 , V2 ∈ RS
kKT V1 − KT V2 k ≤ kKkop kT V1 − T V2 k.

(12)

If kKkop ≤ 1, i.e. K is a non-expanding operator, Kernel VI converges at a rate γ̃ := kKkop γ < 1, by Banach
fixed-point theorem for contracting operator. The convergence is monotone since K is a positive operator.
Proposition 1 (Kernel Value Iteration convergence). Consider Kernel VI Vk+1 ← KT Vk , where K : V → V is integral
operator (11), induced by a positive definite kernel function k : S × S → R. Then, if kKkop = sups∈S kk(s, ·)k1 ≤ 1,
Kernel VI converges at a rate γ̃ := kKkop γ. In particular, convergence holds with normalized kernel function
k(s, s) = 1.
Proof See Appendix A.1.
Previous work has shown convergence of fitted value iteration with a set of function approximations, called averagers,
given by an expectation over the Bellman targets Gordon (1995). In this work, Kernel VI with K = E converges, since
the norm of expectation operator equals to 1. Proposition 1 states convergence of a larger class of linear operators,
namely, integral operators induced by a normalized positive definite kernel function.
Proposition 1 extends to the finite-sample case with the empirical integral operator. Given n independent samples
{si }ni=1 from distribution Pµ induced by µ, define empirical integral operator Kn as kernel Gram matrix
(Kn )ij =

1
k(si , sj ),
n

i, j = [n].

Then, Kn is a finite-sample approximation of K and Kernel VI with Kn converges under conditions of Proposition 1
(see Appendix A.2).
Neural Tangent Kernel Neural Tangent Kernel (NTK) of a multi-layer ReLU neural network satisfies conditions
of Proposition 1. NTK of a multi-layer ReLU neural network is given by a dot-product kernel function on a sphere,
i.e. kN T K (s, s0 ) = hN T K (hs, s0 i), where hN T K : R → R is related to arc-cosine kernel functions Bietti and Mairal
(2019). In particular, NTK of a two-layer ReLU neural network is given by
hN T K (t) := (1 + t)κ0 (t) + κ1 (t),
where κ0 and κ1 are arc-cosine kernel functions of degree 0 and 1. If S = Sd−1 is a d-dimensional unit sphere, then
normalized NTK kernel function hN T K /h(1) is a normalized positive definite kernel function (Jacot et al., 2018,
Proposition 2).
Fixed point By Banach fixed-point theorem, there exists and unique a fixed point Ṽ ∗ ∈ RS of KT , i.e. KT Ṽ ∗ = Ṽ ∗ .
The difference between this fixed point and the optimal value function is upper-bounded kV ∗ − Ṽ ∗ k∞ ≤ .
Proof It holds state-wise |V ∗ − Ṽ ∗ | = |T V ∗ − T Ṽ ∗ + T Ṽ ∗ − KT Ṽ ∗ | ≤ |T V ∗ − T Ṽ ∗ | + |T Ṽ ∗ − KT Ṽ ∗ | ≤
1
γkV ∗ − Ṽ ∗ k∞ + |(I − K)T Ṽ ∗ |. Then, kV ∗ − Ṽ ∗ k∞ ≤ 1−γ
k(I − K)T Ṽ ∗ k∞ .
4.2 Error propagation
Kernel Value Iteration with sampling We analyse propagation of sampling noise due to the finite number of
transitions used to compute Bellman operator. Define sampled Bellman operator T̂ V (s) := r(s, a) + γV (s0 ), where
a ∼ π(·|s) = G(V )1 , s0 ∼ P (·|s, a), such that E[T̂ ] = T . Kernel Value Iteration with sampled Bellman operator is
given by
(Kernel VI with sampling) Vk+1 = K T̂ Vk = K(T Vk + k+1 ),
(13)
1. RDefine Dirac measure δa∗ , where a∗ = arg maxa QV (·, a). Then, [T V ](s) = Ea∼π(·|s)=G(V ) [QV (s, a)] :=
QV (s, a)δa∗ (da) = QV (s, a∗ ), where QV (s, a) := r(s, a) + γEs0 ∼P (·|s,a) V (s0 ).
A
5
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where k ∈ RS is a noise vector, E[k ] = 0. The resulting noise term ˜k = Kk is known to satisfy E[˜k ] = 0, as a
linear combination of independent Gaussian random variables. Kernel VI does not increase the noise kKk k ≤ kk k,
since kKkop ≤ 1.
The error propagation of Kernel VI with sampling (13) is given by the standard approximate VI error bound Scherrer
et al. (2015) with γ̃ := kKkop γ and ˜k := Kk .
Proposition 2 (Kernel Value Iteration with sampling error propagation). Let V0 be initial value function. Consider
Kernel VI with sampling (13). Then, the L∞ -distance at iteration N to the fixed point Ṽ ∗ of Kernel VI is given by
kVN − Ṽ ∗ k∞ ≤

N
X

γ̃ N −k k˜
k k∞ + γ̃ N kV0 − Ṽ ∗ k∞ ,

(14)

k=1

where γ̃ := kKkop γ and ˜k := Kk .
Proof See Appendix A.3.
Smooth Kernel Q-iteration Motivated by the Neural asynchronous Q-iteration, we provide error bound of Smooth
Kernel Q-iteration that combines (empirical) Kernel Q-iteration with smooth sampled Bellman operator.
Define empirical integral operator Kn w.r.t. n independent samples of state-action pairs (si , ai ) from distribution
Pn
Pµ , as [Kn Q](s, a) := n1 i=1 k((s, a), (si , ai ))Q(si , ai ), and sampled Bellman operator T̂ Q(s, a) := r(s, a) +
γ maxa0 Q(s0 , a0 ), where s0 ∼ P (·|s, a). Then, Smooth Kernel Q-iteration is given by
(Smooth Kernel QI) Qk+1 = Kn T̂β Qk ,

(15)

where T̂β := (1 − β)I + β T̂ is a smooth sampled Bellman operator.
Define sampling noise vector k+1 := T̂ Qk − T Qk due to one-transition used to compute Bellman operator. Denote
γ̃ := kKn kop γ̄, where γ̄ := βγ + (1 − β) is a contraction coefficient of smooth Bellman operator Tβ Smirnova and
Dohmatob (2020).
Proposition 3 (Smooth Kernel Q-iteration error propagation). Let Q0 be an initial Q-function. Consider Smooth Kernel
QI (15). Then, L∞ -distance at iteration N to the fixed point Q̃∗ of Kernel Q-iteration is given by
kQN − Q̃∗ k∞ ≤

N
X

γ̃ N −k kβ˜
k k∞ + γ̃ N kQ0 − Q̃∗ k∞ ,

(16)

k=1

where γ̃ := kKn kop γ̄, γ̄ := βγ + (1 − β) and ˜k := Kn k .
Proof See Appendix A.3.
Smooth Kernel QI with empirical NTK kernel Kn = Kn,N T K and smoothing coefficient β = m/M , given by the ratio
of the size of a mini-batch m to the size of a replay buffer M , corresponds to Neural asynchronous Q-iteration (4) with
sampled Bellman operator. Since NTK of a multi-layer ReLU neural network satisfies conditions of Proposition 1, the
induced NTK Kernel Q-iteration converges at a rate γ̃ := kKn,N T K kop γ̄ ≤ γ̄ < 1.
Numerical illustration We present numerical illustration of the error bound (16) of Smooth Kernel Value Iteration (15). We experiment on a stochastic gridworld problem, known as cliff walking problem Sutton and Barto
(2018). We set γ = 0.9. We use β = 0.1 and normalized NTK kernel of a two-layer ReLU neural network
hN T K (t)/2 = (tκ0 (t) + κ1 (t))/2, where κ0 and κ1 are arc-cosine kernel functions of degree 0 and 1 Bietti and Mairal
(2019).
Pn
For a finite state space S = {si }ni=1 , define a normalized discrete measure µ = n1 i=1 δsi . Then, integral operator is
P
n
given by [Kn V ](s) = n1 i=1 k(s, si )V (si ). Equivalently, define kernel Gram matrix (Kn )ij = n1 k(si , sj ), i, j = [n],
then Kernel VI in the finite state space writes as multiplication of kernel Gram matrix and per-state value vector
Vk+1 ← Kn T Vk . Note that the operator norm of integral operator, induced by normalized kernel function, is upperbounded by the operator norm of identity operator, i.e. kKn kop ≤ kIkop , that implies the same or faster convergence
than standard Value Iteration.
6
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Define a valid dot-product in S as hs, s0 i := 1s=s0 . Then, for normalized
NTK kernel function kN T K (si , sj ) =
(
1,
if i = j,
hN T K (hsi , sj i)/h(1), the NTK Gram matrix is given by (Kn )ij = n1 h(0)
, i, j = [n]. It can be shown
h(1) , else
that this matrix is positive definite. By spectral theorem, its eigendecomposition has positive real eigenvalues Kn =
U −1 Λn U , where Λn = diag((λi )ni=1 ). In the eigenbasis of Kn , the convergence of Kernel VI Vk+1 ← Kn T Vk =
U −1 Λn U T Vk ⇐⇒ U Vk+1 ← U Λn T Vk is given by the largest eigenvalue of Kn , i.e. kΛn kop = λmax (Kn ).
Figure 1 shows convergence to the fixed point in terms of kVN − Ṽ ∗ k∞ across iterations averaged over 30 runs2 . We
plot theoretical convergence C γ̃ N , where the rate is given by γ̃ = kKn kop γ̄, γ̄ := βγ + 1 − β. Empirically, γ̃ ≈ 0.19,
where γ̄ = 0.99 and the operator norm of the NTK Gram matrix kKn kop ≈ 0.19. As can be seen from the Figure, the
Smooth Kernel Value Iteration follows the theoretical rate. The rate γ̃ < γ results in a faster convergence than standard
Value Iteration, to a related fixed point.
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Figure 1: Performance of Smooth Kernel Value Iteration (15) with normalized NTK kernel on a stochastic gridworld
problem across iterations averaged over 30 runs.

5. Conclusion
In this work, we showed implications of neural network function approximator in linear regime on Q-iteration algorithm,
namely, contraction coefficient, fixed point and error propagation. We showed that, with appropriate normalization, the
contraction coefficient of Q-iteration does not increase, the iteration converges to a related fixed point and the sampling
noise is not increasing across iterations.
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Appendix A. Proofs
A.1 Kernel Value Iteration
Define Kernel Value Iteration Vk+1 ← KT Vk , where K : V → V is an integral operator, induced by kernel function
k : S × S → R.
Proposition 4 (Kernel Value Iteration convergence). Consider Kernel VI Vk+1 ← KT Vk , where K : V → V is integral
operator (11), induced by a positive definite kernel function k : S × S → R. Then, if kKkop = sups∈S kk(s, ·)k1 ≤ 1,
Kernel VI converges at a rate γ̃ := kKkop γ. In particular, convergence holds with normalized kernel function
k(s, s) = 1.
Proof To show convergence of Kernel VI, we show that composition of operators KT defines a valid Bellman operator,
i.e. satisfies contraction, monotonicity and distributivity properties (Puterman, 1994).
(Contraction) By Holder inequality, integral product is upper-bounded |[KV ](s)| ≤ kk(s, ·)k1 kV k∞ . If kk(s, ·)k1 ≤
1, ∀s ∈ S, K is a non-expansion operator in sup-norm with coefficient kKkop = sups∈S kk(s, ·)k1 . Then, the
composed operator KT remains a sup-norm contraction with coefficient kKkop γ.
(Monotonicity) By property of a positive operator, K is a monotone operator, i.e. if V1 ≤ V2 , KV1 ≤ KV2 . Then, the
composed operator KT is also a monotone operator.
(Distributivity) The distributivity property holds for linear operators K(V + c1) = KV + cK1, c ∈ R. Then, the
composed operator KT also satisfies distributivity property.
Thus, KT is a valid Bellman operator. The induced value iteration, given by Kernel Value Iteration, converges to a
fixed point at a rate kKkop γ.
We show that normalized kernel function, i.e. kernel function that satisfies k(s, s) = 1, defines a kernel function with
unit-bounded norm kk(s, ·)k1 ≤ 1. By property of a positive-definite
kernel function (Cauchy-Schwartz
inequality),
R
R
|k(s, s0 )|2 ≤ k(s, s)k(s0 , s0 ) = 1. Then, kk(s, ·)k1 ≤ S |k(s, ·)|dµ ≤ 1, since µ(S) = S dµ = 1.
A.2 Finite-sample case
Convergence of Kernel VI implies convergence of empirical Kernel VI in the finite-sample case.
Proposition 5 (Empirical Kernel). Given {si }ni=1 independent samples from distribution Pµ , induced by µ, define
empirical integral operator Kn as a kernel Gram matrix (Kn )i j = n1 k(si , sj ), i, j = [n]. Then, Kn is a finite-sample
approximation of K and Kernel VI with Kn converges.
n
Proof Define empirical measure µn , centered at independent
Pn samples {si }i=1 from distribution Pµ , induced by µ.
1
Specifically, define
a normalized discrete measure µn = n i=1 δsi , where δsi is a Dirac measure at a point si . Then,
R
Pn
[Kn V ](s) = S k(s, ·)V dµn = n1 i=1 k(s, si )V (si ). Equivalently, the empirical integral operator Kn w.r.t. µn is
given by the kernel Gram matrix (Kn )ij = n1 k(si , sj ), i, j = [n].

As empirical measure converges to µ at increased number of samples, i.e. µn −−−−→ µ, the empirical integral operator
n→∞
approximates the integral operator Kn −−−−→ K uniformly state-wise.
n→∞

Convergence follows from Proposition 1 with empirical integral operator induced by normalized positive definite kernel.
A.3 Error propagation
Consider propagation of sampling noise due to the sampling of Bellman operator in Kernel VI (Proposition 2) and
Smooth Kernel VI (Proposition 3).
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Proposition 6 (Kernel Value Iteration with sampling error propagation). Let V0 be initial value function. Consider
Kernel VI with sampling (13). Then, the L∞ -distance at iteration N to the fixed point Ṽ ∗ of Kernel VI is given by
kVN − Ṽ ∗ k∞ ≤

N
X

γ̃ N −k k˜
k k∞ + γ̃ N kV0 − Ṽ ∗ k∞ ,

(17)

k=1

where γ̃ := kKkop γ and ˜k := Kk .
Proof |VN (s) − Ṽ ∗ (s)| = |KT VN −1 (s) + ˜N (s) − KT Ṽ ∗ (s)| ≤ γ̃kVN −1 − Ṽ ∗ k∞ + k˜N k∞ . Recursively, |VN (s) −
PN
Ṽ ∗ (s)| ≤ γ̃ N kV0 − Ṽ ∗ k∞ + k=1 γ̃ N −k k˜
k k∞ .
Proposition 7 (Smooth Kernel Q-iteration error propagation). Let Q0 be an initial Q-function. Consider Smooth Kernel
QI (15). Then, L∞ -distance at iteration N to the fixed point Q̃∗ of Kernel Q-iteration is given by
kQN − Q̃∗ k∞ ≤

N
X

γ̃ N −k kβ˜
k k∞ + γ̃ N kQ0 − Q̃∗ k∞ ,

(18)

k=1

where γ̃ := kKn kop γ̄, γ̄ := βγ + (1 − β) and ˜k := Kn k .
Proof By definition of smooth Bellman operator, Qk+1 = Kn T̂β Qk = Kn ((1−β)Qk +β T̂ Qk ) = Kn (Tβ Qk +βk+1 ).
The bound follows from (14) with coefficient γ̃ = kKn kop γ̄ and sampling noise β˜
k , taken for a Q-function.
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