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Abstract
While the Bayesian decision-theoretic framework offers an elegant solution to the problem of decision making under
uncertainty, one question is how to appropriately select the prior distribution. One idea is to employ a worst-case prior:
however this is not as easy to specify in sequential decision making as in simple statistical estimation problems. This
paper studies (sometimes approximate) minimax-Bayes solutions for various reinforcement learning problems to gain
insights into the properties of the corresponding priors and policies. We find that while the worst-case prior depends on
the setting, the corresponding minimax policies are more robust than those that assume a standard (i.e. uniform) prior.

1. Introduction
Bayesian methods offer a principled approach for obtaining nearly-optimal adaptive policies in reinforcement learning.
However, the selection of the prior distribution may be at least as important as the algorithm used. In this work, we
consider the problem of a Bayesian agent interacting with a Markov Decision Process (MDP), where the prior is
selected in a minimax fashion in order to ensure robustness and where nature is assumed to select a prior adversarially.
We define the zero-sum game as either a maximin utility or a minimax regret game. As nature can choose a prior so
that all policies will obtain zero utility, we focus mainly on the minimax regret problem.
Minimax-Bayes decision problems have been discussed extensively previously in the monograph by Berger (1985).
There the problem is to find a worst-case prior so as to obtain guarantees in terms of the expected loss in a Bayesian
decision procedure. More recently, Grünwald and Dawid (2004) discussed the problem of Bayesian experiment design
in this context. Arguably, the reinforcement learning problem in the Bayesian setting is a strict generalisation of
experiment design. However, this setting has not received much attention in the past, even though the related concept
of maximum entropy have been used in inverse reinforcement learning (Ziebart et al., 2008). In particular, while the
notion of a worst-case prior is well-established in simple decision problems, it is unclear whether it can be easily
characterised in reinforcement learning settings. In this paper, we first give an overview of basic theoretical concepts,
and provide some extensions and modifications of existing minimax theorems to this setting. This helps provide an
intuition about what is achievable. These are complemented by experiments in discrete and continuous settings, where
we aim to identify both minimax priors and their corresponding best response policies.
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The paper is organised as follows. In Section 2, we formally introduce the setting. In Section 3, we introduce regret
definitions and prove some basic properties of the regret as well as relations between Bayesian regret and Bayesoptimal regret. Section 4 discusses the existence of a value for the game between a Bayesian agent and Nature, who
selects the prior. Section 5 develops algorithms for finding approximately minimax policies in certain policy classes. In
particular, we consider (a) finite-horizon Bayes-optimal policies (b) posterior sampling policies, and (c) parametrised
adaptive policies. Our results indicate that, not only is an approximately minimax solution achievable in many settings,
but that they are much more robust than Bayes-adaptive policies under common priors.

2. Setting
A Markov decision process is a tuple µ = ⟨S, A, P, ρ, T ⟩ where S is a set of states, A is a set of actions, P : S × A →

(S) is a transition function, ρ : S × A → [0, 1] is a reward function, and T is a (potentially random) horizon. We

focus on the setting where the agent is acting in a finite state space S with a finite set of actions A. The horizon itself
is also finite. Let M denote the space of MDPs. In each round t, the agent observes state st ∈ S, chooses an action
at ∈ S and receives a reward rt = ρ(st , at ). We write st = (s1 , . . . , st ) and at = (a1 , . . . , at ) for the sequence of
states and actions up to round t. Together, the history ht = (st , at−1 ) describes the information that is available to
the agent before choosing an action in round t. The agent’s utility U is an additive function of individual rewards
PT
U ≜ t=1 rt . The agent is acting in an MDP through a policy π ∈ Π, where we let Π denote a generic policy space.
For a fixed MDP µ ∈ M and policy π ∈ Π, the expected utility is given by U (π, µ) ≜ Eπµ [U ] with maximal utility
denoted by U ∗ (µ) ≜ maxπ∈Π U (π, µ). Typically the policy is adaptive, so that the agent’s actions can depend on
what it has observed in the past.
Policies. Let H be the set of all histories. A (stochastic) policy π is a set of probability measures { π(· | h) | h ∈ H }
on the set of actions A. We denote the set of all behavioural1 policies by Π S . A policy is deterministic if, for each
history ht = (st , at−1 ), there exists an action a ∈ A such that π(at = a | ht ) = 1. We denote the set of deterministic
policies by Π D . A policy is memoryless (or reactive) if, for all histories ht , we have π(at = a | ht ) = π(at = a | st ).
We denote the set of memoryless (stochastic) policies by Π1S . The set of memoryless deterministic policies is denoted
by Π1D . Obviously, Π1D ⊂ Π D ⊂ Π S and Π1D ⊂ Π1S ⊂ Π S . Finally, for any MDP µ there exists a deterministic,
memoryless policy that is optimal, i.e. U ∗ (µ) = supπ∈Π U (π, µ) = maxπ∈Π1D U (π, µ).
Strategies. Typical minimax results rely on the notion of mixed actions called strategies. A strategy σ is a probability
measure over policies. If Π is a set of base policies, we denote the set of probability measures over Π by (Π).
Fact 1 For any strategy σ ∈ (Π D ) there exists an equivalent stochastic policy π ∈ Π S such that σ(at |ht ) = π(at |
ht ) for all histories ht with positive probability.
2.1 Utility
For a distribution β over MDPs, we define the utility of a particular policy π to be:
Z
U (π, β) ≜ Eπβ [U ] =
U (π, µ) dβ(µ).

(1)

M

There are two possible ways to interpret the distribution β, depending on how it is chosen. If β is selected by the agent
selecting π, then it corresponds to the subjective belief of the decision maker about which is the most likely MDP a
priori. Then, U (π.β) corresponds to the expected utility of a particular policy under this belief. Let
U ∗ (β) ≜ sup U (π, β)
π∈Π

denote the Bayes-optimal utility for a belief. We recall the fact that this is a convex Rfunction (c.f. DeGroot, 1970). By
definition, and due to convexity, the following bounds hold: U (π, β) ≤ U ∗ (β) ≤ µ U ∗ (µ) dβ(µ), ∀π ∈ Π. In the
1. That is, history-dependent and stochastic policies.
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above, the left hand side is the utility of an arbitrary policy, while the right side can be seen as the expected utility we
would obtain if the true MDP was revealed to us.
The second view of β is to assume that the MDP is actually drawn randomly from the distribution β. If this is known,
then the subjective value of a policy is equal to its true expected value. However, it is more interesting to consider
the case where nature selects β in an arbitrary way from a set of possible priors B. Then we wish to find a policy π ∗
achieving:
max min U (π, β).
(2)
π∈Π β∈B

One basic open question is whether the maximum exists. The answer is positive if the game between nature and the
agent has a value, i.e. U ∗ = supπ∈Π inf β∈B U (π, β) = inf β∈B supπ∈Π U (π, β) = U∗ . Let π ∗ and β ∗ be the
maximin policy and minimax prior respectively. If the game has a value then there exists an equalising policy which
is optimal in response to some minimax belief β ∗ , and vice versa. A sufficient condition for this to occur is for U ∗ (β)
to be convex and differentiable everywhere (c.f. Grünwald and Dawid, 2004). In particular, an equalising strategy can
always be found when Π is finite.
Fact 2 For any distribution β over MDPs, there exists a deterministic, history-dependent policy that is optimal, i.e.
U ∗ (β) = supπ∈Π U (π, β) = maxπ∈Π D U (π, β).
Note that this is only a best-response policy, and not a solution to the maximin problem (2). In addition, an unrestricted
set of priors for nature may lead to absurd solutions: nature could pick a prior so that all rewards are zero, thus trivially
achieving minimal utility. For that reason, we will focus on the problem of minimax regret, i.e. the gap between the
agent’s policy and that of an oracle.

3. Properties of the regret
We generally write R(A, I) to mean the regret of some algorithm A relative to an oracle with information I. For
simplicity, we consider a finite set of base MDPs M. Let us start with the regret of a policy relative to an oracle that
knows the underlying MDP:
Definition 1 (Regret) The regret of a policy π for an MDP µ is R(π, µ) ≜ U ∗ (µ) − U (π, µ).
It is also interesting to define the regret of a policy with respect to the oracle that knows β. This allows us to take into
account oracles which have less knowledge than the actual MDP.
Definition 2 (Bayes-optimal Regret)
to the Bayes-optimal policy2 for β:
P This is the∗regret of a policy π with respect
∗
∗
R(π, β) ≜ U (β) − U (π, β) = µ β(µ)[U (π (β), µ) − U (π, µ)], where π (β) = arg maxπ U (π, β).
Finally, we may wish to subjectively calculate our expected regret under an oracle that knows the underlying MDP.
Since the agent does not know the underlying MDP, it necessarily measures regret under a Bayesian prior.
Definition
3 (Bayesian
Bayesian regret of a policy π under a prior β is L (π, β) ≜
P
P regret) The
∗
µ β(µ)R(π, µ) =
µ β(µ)[U (µ) − U (π, µ)].

Eµ∼β [R(π, µ)] =

These definitions of the regret are closely related, as we shall show in the remainder. It will be illuminating to look
at the difference between the regret the agent subjectively expects to suffer with respect to some prior distribution β,
relative to the regret of the same policy compared to the Bayes-optimal policy for the same prior.
Remark 4 The Bayesian regret of a policy π is greater than the Bayes-optimal regret, i.e. R(π, β) ≤ L (π, β).
2. Generally this policy will belong to the set of history-dependent policies, but in some cases it makes sense to restrict them to
e.g. a subset of parametrised policies.
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P
P
∗
∗
Proof For the discrete case, R(π, β) =
µ β(µ)[U (π (β), µ) − U (π, µ)] ≤
µ β(µ)[U (µ) − U (π, µ)] =
∗
∗
∗
L (π, β), since U (π (β), µ) < U (µ) by definition of U (µ). The continuous case follows similarly, under mild
technical conditions on measurability.
The above also follows from the fact that for any policy π and prior β, the Bayesian regret of π equals the Bayesian
regret of the Bayes-optimal policy3 plus the Bayes-optimal regret of π, that is L (π, β) = L (π ∗ (β), β) + R(π, β).
Remark 5 R(π, β) is convex in β.
Proof From the definition R(π, β) = U ∗ (β) − Eµ∼β [U (π, µ)]. As U ∗ (β) is convex in β and
linear in β, their difference is also convex.

Eµ∼β [U (π, µ)] is

Of course, the game where nature sees the agent’s policy π first before selecting a prior is strictly determined and
nature can simply select a single MDP (Dirac distribution) as its best response to π. In this particular case, this follows
directly from the convexity of the Bayes-optimal regret.
Let us now attempt to see whether zero-sum games defined with respect to the regret always have a value. We would
expect this to be the case if the regret was a bilinear function of the policy and prior. However, at least for the
Bayes-optimal regret, this is not the case.
Intuitively, the worst-case regret of any policy can be taken over MDPs rather than beliefs, as the Bayes-optimal
regret is a convex function. This implies that, for any policy, the maxima of the function lie on beliefs which are
degenerate. Following the steps of the proof by Lattimore (2021) for the bandit case, we can show that the maximum
regret is attained in Dirac beliefs. Here, we let B denote the set of beliefs and we work under the assumption that the
degenerate beliefs are contained in the belief space.
Lemma 6 (Lattimore (2021)) If for each MDP µ ∈ M there exists an associated Dirac belief βµ ∈ B, then for any
policy π we have maxµ∈M R(π, µ) = maxβ∈B R(π, β).
This immediately implies that the minimax regret is the same over both beliefs and MDPs:
min max R(π, µ) = min max R(π, β)

π∈Π µ∈M

π∈Π β∈B

(3)

We find a similar result for the Bayesian regret.
Lemma 7 If for each MDP µ ∈ M there exists an associated Dirac belief βµ ∈ B, then for any π:
max R(π, µ) = max L (π, β).

µ∈M

β∈B

(4)

Proof For any β, we have
max R(π, µ) ≥

µ∈M

=

max
µ∈supp(β)

max
X

µ∈supp(β)

≥

R(π, µ)
U (π ∗ (µ), µ) − U (π, µ)
β(µ)[U (π ∗ (µ), µ) − U (π, µ)] = L (π, β).

µ∈supp(β)

Consequently maxµ R(π, µ) ≥ maxβ L (π, β). Once more, maxβ L (π, β) ≥ maxβ∈δ(M) L (π, β) = maxµ∈M R(π, µ),
due to the fact that R(π, µ) = L (π, βµ ) for the singular belief βµ on MDP µ. As a result, maxµ∈M R(π, µ) ≥
maxβ∈B L (π, β) ≥ maxµ∈M R(π, µ).
3. This is equal to the difference between the Bayes-optimal value and the upper bound.
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Lattimore and Szepesvári (2019) show that for the problem of prediction with partial information, the minimax regret
equals the minimax Bayesian regret. We show that this also holds in a general setting, as an immediate consequence
of Lemma 7.
Corollary 8 If for each MDP µ ∈ M there exists an associated Dirac belief βµ ∈ B, then for any π:
min max R(π, µ) = min max L (π, β)

π∈Π µ∈M

(5)

π∈Π β∈B

Equations (3) and (5) can be made intuitive through a simple geometry argument. Due to the linearity of the expected
regret with respect to the belief for any fixed policy, the best response for nature always includes singular beliefs.

4. Minimax theorems
The above results merely make precise the intuition that when playing second, nature does not need to randomise: it
can simply pick the worst-case MDP for the policy we’ve chosen. However, we typically want to model a worst-case
setting by assuming nature picks its distribution without knowing which policy the DM will pick. For that reason it is
important to investigate whether the normal form game against nature, where nature and the agent play without seeing
each other’s move, has a value. We can answer this in the positive with respect to both the Bayesian regret and the
utility in the finite setting.
Corollary 9 For a finite set of MDPs in a finite state-action space, with a known reward function and a finite horizon,
the utility and Bayesian regret satisfy:
min max U (π, β) = max min U (π, β),
β

π

π

max min L (π, β) = min max L (π, β)

β

β

π

π

β

(6)

Proof First note that, due to Fact 1, the stochastic policy
π can always be written as a distribution σ over deterministic
P P
behavioural policies d ∈ Π D so that U (π, β) = µ d β(µ)U (d, µ)σ(d). The result follows from the standard
P P
minimax theorem. Similarly for the regret, we use L (π, β) = µ d β(µ)R(d, µ)σ(d).
The same does not hold for the Bayes-optimal regret, since for arbitrary policy spaces the agent’s Bayes-optimal policy
has zero Bayes-optimal regret, as it is aware of the prior distribution. However, the minimax value is generally greater
than zero. Since R(π, β) is convex in β, we do not obtain the standard bilinear form, and the game may not have a
value.
Lemma 10 The game R(π, β) does not have a value when M contains at least two MDPs µ, µ′ whose optimal policy
sets have an empty intersection.
Proof For π ∈ Π D , maxβ minπ R(π, β) = 0. Consequently, minπ maxβ R(π, β) ≥ maxβ minπ R(π, β) = 0.
From (3), we obtain minπ maxµ R(π, µ) = minπ maxβ R(π, β) ≥ maxβ minπ R(π, β) = 0. It remains to show
that minπ maxµ R(π, µ) > 0. Assume the contrary. Then there is some policy π ∗ for which maxµ R(π ∗ , µ) = 0.
However, there exists at least one µ′ whose optimal policy does not coincide with π ∗ , hence R(π ∗ , µ′ ) > 0.
Finally, it is interesting to consider the Bayesian regret of the Bayes-optimal policy. For the worst-case Bayesian regret
of the Bayes-optimal policy, we find that it is equal to the minimax Bayesian regret.
Lemma 11 The worst-case Bayesian regret of the Bayes-optimal policy equals the minimax Bayesian regret, i.e.
max L (π ∗ (β), β) = max min L (π, β) = min max L (π, β).
β

β

π

π
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β

Proof By definition of the Bayes-optimal policy, we have U (π ∗ (β), β) = maxπ U (π, β). Thus,
X
max L (π ∗ (β), β) = max
β(µ)[U ∗ (µ) − U (π ∗ (β), µ)]
β

β

µ

= max min
β

π

X

β(µ)[U ∗ (µ) − U (π, µ)] = max min L (π, β).
β

µ

π

Finally, maxβ minπ L (π, β) = minπ maxβ L (π, β) by merit of Corollary 9.
We should clarify that this does not imply that π ∗ (β ∗ ) is a minimax policy, but merely that its value at the worst-case
belief β ∗ is equal to the value of the game. As we shall see in Section 6, in settings with a finite number of policies
β ∗ is located at a vertex with at least two best response policies π ∗ , where the minimax strategy must be a mixture
between those.
Open questions. This concludes our preliminary discussion of minimax values for Bayesian games on MDPs. While
it is clear that standard minimax theorems apply in the discrete case when we consider stochastic policies, it is an open
question whether those can be extended to a more general setting. In particular, do the utility and Bayesian regret
game have a value with an uncountable family of priors such as the Dirichlet-product prior? It is also an open question
whether a value for the game exists when we are restricted to deterministic policies in some cases. We conjecture
that this is generally not the case. For example, discrete, finite horizon problems, as the set of policies is then finite,
meaning that no pure deterministic policy may be equalising. We explore these questions experimentally, after we first
develop some algorithms in the following section.

5. Algorithms
In this section, we attempt to answer some of the above questions empirically. In particular, does there exist an
equilibrium for bandit problems, where the Bayes-optimal policy can be efficiently approximated through Gittins
indices? What about settings where we must restrict the policy space to parametrised or tree policies? Does solving
the minimax problem approximately lead to robust policies? Are the worst-case priors we obtain through optimisation
actually preferable in some way to standard priors such as the uniform one? For example, do they lead to more robust
policies?
For the infinite horizon case, we cannot consider the Bayes-optimal regret, as it requires us to compute the Bayesoptimal policy. However, we can always target the Bayesian regret, which is an upper bound on the Bayes-optimal
regret. (And since the former is usually the same as the minimax regret, it gives us a minimax policy). Section 5.1
describes a stochastic gradient descent-ascent algorithm for finding an approximate minimax regret pair. For the finite
horizon case, we can obtain the Bayes-optimal response to any prior distribution. More specifically, when the set of
possible MDPs is finite, we can employ a cutting plane algorithm, described in Section 5.2. This allows us to obtain
the set of all best response policies to the worst-case prior, and hence the minimax policy.
5.1 Gradient methods
We want to calculate the minimax pair (π ∗ , β ∗ ) through an alternating gradient algorithm. The algorithms are essentially the same for both maximin utility and the minimax Bayesian regret. More particularly, the Bayesian regret
gradient is obtained as follows:
Z
Z
∇π L (π, β) = − dβ(µ)∇π U (π, µ)
∇β L (π, β) =
R(π, µ)∇β dβ(µ).
(7)
M

To solve the minimax problem, we consider both an descent-ascent algorithm (GDA) (Lin et al., 2020) and GDMax (Jin
et al., 2020, Alg. 2), which performs a gradient step for the prior, and full optimization for the policy. GDMax is used in
combination with a Gittins index policy in the bandit case, and with a myopic BAMDP-policy in the MDP case. GDA
is used with a parametrised history-dependent policy. For Bayesian regret L and finite MDP setting, convergence
guarantees exist for GDA, but not for parametrised belief spaces. To be doubly sure of the numerical stability of the
gradient algorithms, we compare them with a cutting-plane method.
6

For completeness, stochastic GDA (see e.g. (Lin et al., 2020)) is described in Algorithm 1. We assume access to
gradient oracles Gπ (π, β, ξi ) and Gβ (π, β, ξi ) for the Bayesian regret L . Note that no guarantees exist for general
non-convex non-concave Bayesian regret L , as is the case for Dirichlet belief and parametric policies.
Algorithm 1 Stochastic GDA
δL
Input Initial policy, belief (π0 ∈ Π, β0 ∈ B), learning rates (ηπ , ηβ ) and stochastic oracles Gπ , Gβ for δL
δπ , δβ
for t = 1, . . . , T do
P
P
1
1
Gβ (πt−1 , βt−1 , ξi ) and gπ = M
Gπ (πt−1 , βt−1 , ξi ) using M i.i.d samples
Get average
 gradients gβ= M

πt ← PΠ πt−1 − ηπ gπ


βt ← PB βt−1 + ηβ gβ
end for
Output β ∗ , π ∗ uniformly at random from {(β1 , π1 ), . . . , (βT , πT )}

Here, PX denotes the projection operator onto set X . For finite MDP setting, Theorem 4.9 in (Lin et al., 2020) holds,
but nothing more can be said due to non convexity of the policy space.
5.2 Cutting planes
In this section we demonstrate an efficient method for localising the minimax pair (π ∗ , β ∗ ) for beliefs over a finite set
of MDPS, given that an oracle for obtaining the Bayes-optimal policy for a given belief is available. This could for
example be obtained in finite horizon tasks with a small horizon. These methods are also applicable when the policy
space is a constrained subset of all possible policies. An issue that arises when you only find the ϵ-optimal policy in
the policy space is that it is no longer necessarily convex, even if the local optima and their convex combinations will
differ by at most ϵ. If this is not a concern, this method can be used anyway and we obtain a locally ϵ-optimal solution.
A discussion about what can be said for cases where only an ϵ-optimal policy can be found, and where it is important
not to discard the minimax solution, is included in Appendix C.
We use the approximate centroid cutting plane algorithm from Bertsimas and Vempala (2004). Each policy π has
a corresponding plane4 L (π, β) over β which is a upper bound of the Bayesian regret of the Bayes-optimal policy.
Selecting π ∗ (β) allows the use of the plane to discard the halfplane given by the descent direction of the Bayesian
regret plane, as this is a upper bound of the regret for those values of β while also being lower than the Bayesian
regret in the current β. Selecting a new approximate centroid as the next β to query guarantees fast convergence in the
volume of the plausible set of beliefs. With high probability the volume will decay with a factor 2/3 for each step as
in Bertsimas and Vempala (2004). As such, less than 1% of the original belief space remains after just 12 steps of the
algorithm.
An algorithm can be formulated as following. Let βt be the approximate centroid (through one of the methods in
Bertsimas and Vempala (2004), such as hit-and-run sampling) of the set Kt containing the plausible beliefs that
could contain the minimax belief, at step t of the algorithm. Ct is the normal to the Bayes regret plane at βt and can be
P
(i)
obtained : CtT β = L (π ∗ (βt ), β) = i βt (µi )R(π ∗ (βt ), β = δµi ), where each element Ct = R(π ∗ (βt ), β = δµi ).
Input: Initial belief set of constraints K0 , Optimal Policy oracle, Policy evaluation oracle, t = 0;
for t=0:T-1 do
Obtain βt ≈ EKt [x]
Obtain optimal policy πβ∗t and CtT β = L (β, πβt ).
Kt+1 = {Kt ∩ CtT (β − βt ) > 0}
end for

2 T
T)
Return β ∗ ∈ KT that has VOL(K
with high probability and corresponding π ∗ (β ∗ ).
VOL(K0 ) < 3

4. Due to the Bayesian regret being an expectation over MDPs and therefore is linear.
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(a) Beta(1, 1)

(b) Beta(3, 3)

(c) Beta(4, 2)

(d) Beta(2, 4)

Figure 1: The Bayesian regret of the Bayes-optimal policy in two-armed Bernoulli bandits, where the first arm’s prior
is fixed. The x- and y-axis denote the parameters of the second arm’s prior.

6. Experiments
We perform three experiments to see how minimax priors differ from common uniform priors, and examine the relative
robustness of the corresponding policies. The first characterise worst-case priors for Bernoulli bandits. The second
experiment is on finite MDP sets with a finite horizon. Here we verify the feasibility of the cutting plane algorithm
for finding minimax solutions. We also illustrate the regret of the posterior sampling. The final experiment is for the
general case of discrete MDPs and parametric adaptive policies, where a value may not exist.
6.1 Illustrations of Worst-Case Priors for Bernoulli Bandits
We wish to analyse worst-case priors when the Bayesian agent is responding to nature’s prior with a Bayes-optimal
policy. In general, computing the Bayes-optimal policy is intractable. However, for Bernoulli bandits with infinite
horizon and discounted rewards Gittins (Gittins, 1979; Gittins et al., 2011) showed that an index policy, the so-called
Gittins index, does in fact yield a Bayes-optimal policy. For such K-armed Bernoulli bandits θ = (θ1 , . . . , θK ) with
QK
θk ∈ [0, 1], we consider Beta product priors such that β(θ) = k=1 Beta(ak , bk ){θk }. To illustrate how the Bayesexpected regret of the Bayes-optimal policy changes with respect to the prior, we consider a two-armed Bernoulli
bandit, where the first arm’s prior is fixed to some distribution Beta(a1 , b1 ) and the second arm’s prior Beta(a2 , b2 ) is
set to different values. Figure 1 shows the Bayesian regret for different fixed priors for arm 1 and varying prior for
arm 2.
We observe that high Bayesian regret is typically suffered when the second prior’s mean approximately matches the
mean of the first arm’s prior, i.e. E[Beta(a1 , b1 )] = E[Beta(a2 , b2 )]. Moreover, it seems that maximal Bayesian regret
is achieved at a completely symmetric prior, i.e. Beta(a1 , b1 ) = Beta(a2 , b2 ), irrespective of how the first arm’s prior is
chosen. More generally, we can observe that lower values of a and b yield higher Bayesian regret, making the intuition
precise that the Bayes-optimal policy suffers higher Bayesian regret when the prior provides less information. Based
on this, a worst-case prior can be suspected to make arms maximally indistinguishable a priori; as one may expect.
8

We also allowed all priors to vary to discover the actual worst-case prior. We found this depends heavily on the
discount factor γ and the number of arms K. For K = 2 and γ = 0.9 we found it is approximately Beta(0.8, 0.8)
for both arms. In general, the worst-case prior is symmetric with parameters increasing in the number of arms and the
discount factor, i.e. moving towards short tailed priors.
6.2 Finite set of MDPs
In this section we study the properties of minimax problems where we have a belief over a finite set of MDPs. The
transition matrix is randomly sampled from an exponential distribution before being normalised. The agent starts in
state 1, and the reward is 1 for taking the first action in state N, and zero otherwise. We let the tasks be on a finite
horizon H = 5 to allow exact computation of the optimal policies and Bayesian regret. Additionally we use γ = 0.9.
In Figure 2a the Bayesian regret for a two MDP task can be found. This helps visualise how the Bayes-optimal policy
is piecewise linear function consisting of the minimum of a set of locally optimal policies. We also compare with the
Bayesian regret of the PSRL policy (Strens, 2000) which samples acts optimally with respect to a sampled MDP from
the belief. The quadratic curve for PSRL is due to the fact that we allow the policy to change with the belief. Figure
2b gives an example of what the Bayesian regret landscape looks like for a task with three MDPs. The change in
Bayesian regret for the fixed optimal policy of a certain belief is visualised with arrows. In an additional experiment
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(b) The arrows show the gradients of the Bayesian regret for
the corresponding Bayes-optimal policy. The axes represent
the belief of two of the MDPs while the belief of the final MDP
is given by 1-x-y.

(a) There are two Bayes-optimal policies at the minimax point
that can be mixed to obtain a minimax policy. The PSRL policy’s Bayesian regret is necessarily quadratic.

Figure 2: Visualisation of Bayesian regret for (a) two and (b) three finite-horizon MDPs.
(Appendix E, Table 5), we compare of the worst case Bayesian regret of the minimax policy and of the Bayes optimal
policy for the uniform belief.
6.3 Infinite Set of MDPs
In the following experiments we study priors over an infinite space of MDPs. The main prior of interest is Dirichlet
product-priors. We use the minmax policy gradient algorithm to simultaneously update the parameters of the belief β
and the parameters of the policy π. We choose a history-dependent policy parametrisation using a softmax rule.
Finding the Minimax Prior. The metrics of interest while studying the minimax belief β ∗ are the Bayesian regret
of the minimax
policy and theR optimal adaptive policy for the uniform belief, the diameter of the prior β given by,
R
D(β) ≜ M D(µ) dβ(µ) = M dβ(µ) max
min E[T (s′ | µ, π, s)], and the average Wasserstein distance of the
s̸=s′ ∈S π,S→A
R
P
1
′
′
prior β, W (β) ≜ M |S||A|
s,a |Fµ (s | s, a) − Fµ̂ (s | s, a)| dβ(µ).
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Figure 3: The following plot illustrates a t-SNE embedding of the belief space, evaluated for beliefs around the
minimax belief β ∗ and the uniform belief β 1 . The height represents the Bayesian regret L , evaluated for each of the
two optimal policies, minimax π ∗ and the optimal adaptive policy for the uniform belief.

Uniform β 1
Minimax β ∗

D(β)
3.76 ± 6.32
159.65 ± 1.07 ∗ 105

max D(µ)
1.52 ∗ 103
1.07 ∗ 108

W (β)
0.25 ± 0.07
0.11 ± 0.04

Minimax L
0.28 ± 0.12
0.37 ± 0.02

Uniform L
0.24 ± 0.08
0.51 ± 0.11

Table 1: Statistics for the uniform belief β 1 and the minimax belief β ∗ obtained using GAD, collected from 106
sampled MDPs from each belief. We show the average and maximum diameter, the average Wasserstein distance and
the Bayesian regret of the two respective policies.

Figure 3 illustrates that the Bayesian regret of the minimax policy is less sensitive to changes in belief compared to
the optimal policy for the uniform belief. This is verified quantitatively in Table 1. The approximate minimax solution
results in MDPs with larger diameter, indicating the MDPs in general are more difficult to traverse, while the regret
of the minimax policy is nearly constant. Additional results and discussion for the infinite MDP setting is available in
Appendix D.

7. Conclusion
We studied the problem of minimax-Bayes reinforcement learning. Although minimax-Bayes problems are wellknown in statistical inference (c.f. Berger, 1985), they have received little attention in sequential problems. Grünwald
and Dawid (2004) studied the problem of one-shot experiment design prior to estimation. In the partial monitoring
setting, Lattimore and Szepesvári (2019) made connections between the Bayesian minimax regret and the minimax
regret. However, the computation of minimax-Bayes policies has not been previously considered. We find that not only
this appears to be feasible, but also that such policies can be significantly more robust than those based on standard
uninformative priors.
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Appendix A. Ommitted proofs
Proof of Lemma 6. For any β
max R(π, µ) ≥

µ∈M

=

max
µ∈supp(β)

max
µ∈supp(β)

≥

max
X

µ∈supp(β)

≥

R(π, µ)
U (π ∗ (µ), µ) − U (π, µ)
U (π ∗ (β), µ) − U (π, µ)
β(µ)[U (π ∗ (β), µ) − U (π, µ)]

µ∈supp(β)

= U (π ∗ (β), β) − U (π, β) = R(π, β).
Since the above holds for any β, maxµ R(π, µ) ≥ maxβ R(π, β). Letting δ(M) denote the degenerate distributions
on individual members of M, we have:
max R(π, β) ≥ max R(π, µ) = max R(π, µ)
β

β∈δ(M)
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µ∈M

Appendix B. Convex sets in isotropic position
Definition 12 A convex set K is in isotropic position if EK [x] = 0 and EK [xxT ] = I.
As long as K is a fully-dimensional convex set, K can be converted into isotropic position with a affine transformation
where K ′ = y : y = B(x − z), x ∈ K where A = EK [(x − z)(x − z)T ], z is the centroid of K and B 2 = A−1 . The
existence of B is given by the fact that K is fully dimensional and that A is positive-definite.
Lemma 13 (Lemma 6.14, Bertsimas and Vempala (2004) formulated as in Bubeck et al. (2015)).
Let K be a convex set in isotropic position. Then for any w ∈ Rn , w ̸= 0, z ∈ Rn , we have:




1
n
⊤
Vol K ∩ x ∈ R : (x − z) w ≥ 0 ≥
− ∥z∥2 Vol(K).
e

Appendix C. ϵ-optimal cutting planes
If only an oracle for obtaining an ϵ−optimal policy can be obtained then the properties are weakened if we wish to
guarantee that we do not remove the minimax belief. For simplicity, we still assume that the value functions can be
accurately calculated5 . Let
X
C T β = L (πβϵ−max
,
β)
=
β(µi )R(πβϵ−max
, β = δµi ).
(8)
t
t
i
C
ϵ
> δ, c = ||C||
We can see the cutting plane as the following plane cT (β − βt +
We wish to cut cT (β − βt ) > ||C||
2ϵ
ϵ
c ||C||
) > 0. This can be interpreted as a cutting plane passing through βt − c ||C||
. Since Lemma 13 requires isotropic
ϵ
away from the centroid.
position the set needs to be transformed. In the transformed set this point is −Bc ||C||

Given that ||B||ϵ is sufficiently small and ||C|| sufficiently large we can guarantee a desired reduction in volume of the
mass of Kt . If ||C|| is small we have an approximately equalizing
policy and we obtain f (β ∗ ) ≥ f (βt ) + C T (βt −
√
β ∗ ) =⇒ 0 ≤ f (βt ) − f (β ∗ ) ≤ ||C||||βt − β ∗ || ≤ ||C|| 2.
Input: Initial belief set of constraints K0 , ϵ−optimal policy oracle, Policy evaluation oracle, t = 0;
for t=0:T-1 do
Sample {bi }ki from Kt
p
P
P
Calculate Â = 1/k bi bTi , B̂ = Â−1 , βt = 1/k i bi
δ
ϵt = 4||B||
Obtain ϵt −optimal policy πβt and CtT β = L (β, πβt ).
if |Ct | ≤ δ then
Break
end if
ct = Ct /||Ct ||
ϵt
Kt+1 = {Kt ∩ cTt (β − βt + c ||C||
) > 0}
end for√
Return 2δ optimal policy or β ∗ ∈ KT with VOL(KT ) < (9/10)t .
If enough samples k are taken from Kt , B̂ can be seen as accurate approximations of B, although the exact number
needed is left as an open question. For approximating βt there is a linear amount of terms needed, see Bertsimas and
Bcϵ
Vempala (2004). Then, we obtain a reduction of volume with a factor of 1/e − || ||C||
|| ≥ 1/10 such that after T steps
9 T
we obtain a reduction in volume of ( 10 ) . An optimal selection of ϵ can be calculated based on the computational
complexity of the oracle such that fewer but larger cuts might be preferred. An issue is that B grows the set shrinks.
As such, it might not be feasible to take a large amount of steps.
5. Usually, this is easier than finding the optimal policy. Extending to the approximate case would be a question of multiplying ϵ
by a scalar in the algorithm.
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Appendix D. Examples of Minimax Solutions
In this section we will cover a few examples of minimax solutions and what the beliefs and policies look like. To begin
with, in Table 2 we can see the parameters of the uniform belief β 1 , which is the flattened array of the parameters of
a Dirichlet distribution. As can be seen, the parameters for all possible states and actions are identical for the uniform
belief. In contrast, the following rows include the parameters of the minimax beliefs β ∗ , obtained from multiple
independent experiments. While there is some dispersion among the parameters, we can observe some consistent
3
7
trend of parameter choices. For instance, the columns for θs,a
to θs,a
are very similar and most of the differences exist
0
2
for θs,a and θs,a .
In order to fully appreciate the values of the flattened parameter vectors in Table 2 a refresher on the Dirichlet distribution might be necessary. As a quick summary, the magnitude of the parameters control for the variability of the
sampled parameter vectors, whereas the proportion among the parameter control for the location of the samples. For
6−7
example, in the table we can see 0.01, 2.04 in columns θs,a
. These parameters would lead to a sampled probability
vector with expectation [0.005, 0.995]. From this we can deduce that essentially some of the transitions are, most of
the time, going to be deterministic. However, not all of the parameter pairs result in deterministic transitions. We can
4−5
see that θs,a
are producing probability vectors close to uniform. From these examples, and the result in Table 1 we
can see that the minimax beliefs produce MDPs that in general, have higher diameter and are more difficult to traverse.
1

Uniform β
Minimax β1∗
Minimax β2∗
Minimax β3∗
Minimax β4∗

0
θs,a
1.00
0.47
0.01
0.53
0.25

1
θs,a
1.00
1.78
2.02
1.82
1.77

2
θs,a
1.00
0.12
0.39
0.01
0.10

3
θs,a
1.00
2.12
1.81
2.15
2.28

4
θs,a
1.00
0.90
0.87
0.98
0.89

5
θs,a
1.00
1.02
1.10
0.98
1.06

6
θs,a
1.00
0.01
0.01
0.01
0.01

7
θs,a
1.00
2.04
2.18
2.14
2.16

Table 2: Examples of uniform β 1 and minimax beliefs β ∗ .
In Table 3 we can see an example of an adaptive policy optimised for the uniform belief β 1 . The policy uses a softmax
0−8
rule, taking all the θs,·
parameters into account when making a decision for state s. A stationary policy would have
0−7
being 0.00, resulting in the policy ignoring the history. In contrast, the minimax policy in
the first eight columns θs,a
Table 4 results in quite a different policy.
s0 , a0
s0 , a1
s1 , a0
s1 , a1

0
θs,a
−0.26
0.18
−0.60
0.66

1
θs,a
0.91
−0.70
−0.21
0.22

2
θs,a
0.16
−0.19
0.28
−0.36

3
θs,a
−0.51
0.69
−0.38
0.20

4
θs,a
−0.10
0.13
−0.01
−0.01

5
θs,a
−0.02
−0.05
0.48
−0.41

6
θs,a
−0.05
−0.04
−0.44
0.23

7
θs,a
−0.07
−0.05
0.03
0.03

8
θs,a
0.06
−0.02
−0.43
0.57

Table 3: Example of an optimal adaptive policy for the uniform belief β 1 .

s0 , a0
s0 , a1
s1 , a0
s1 , a1

0
θs,a
0.51
−0.82
0.02
−0.13

1
θs,a
0.61
−0.45
−0.12
−0.10

2
θs,a
0.23
−0.30
−0.04
0.14

3
θs,a
−0.03
−0.08
−0.39
0.19

4
θs,a
−0.11
−0.08
−0.36
0.30

5
θs,a
0.11
−0.33
−0.18
−0.28

6
θs,a
0.21
−0.23
−0.22
0.29

7
θs,a
0.07
−0.14
−0.22
0.12

8
θs,a
−0.07
−0.06
−0.36
0.08

Table 4: Example of a minimax policy.

Appendix E. Additional results for finite MDPs
Here we have some additional results comparing the performance of the uniform-prior and worst-case prior policies.
In particular, we generate 5 sets of 16 MDPs. For each set, we calculate the minimax policy and the best response to
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Table 5: Comparison of worst-case Bayesian regret for optimal policies at minimax and uniform belief for 16 MDP
tasks.
Seed

1

2

3

4

5

Minimax
Uniform

0.247
0.640

0.314
0.554

0.348
0.484

0.342
0.646

0.363
0.850

the uniform prior. We then calculate the worst-case Bayesian regret for each policy. As we can expect, the minimax
policy does significantly outperform the uniform best response policy.
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