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Abstract
Robust Markov Decision Processes (MDPs) are a powerful tool to solve the sequential decision-making problem where
system parameters are partially known or changing or adversarial. Recently, there have been works aimed at solving sa
and s-rectangular robust MDPs. The methods are model-based that can potentially be generalized to model-free settings.
We formally propose model-free algorithm for sa and s-rectangular Lp robust MDPs and provide its convergence
guarantees. The proposed model-free algorithms can be combined with existing deep RL techniques such as DQN etc. to
solve challenging problems.
Keywords: Markov Decision Processes, Robustness, Model Free Algorithms, Stochastic Approximation Algorithms

1. Introduction
In Markov Decision Processes (MDPs), an agent interacts with the environment and learns to optimally behave in it
Sutton and Barto (2018). Nevertheless, an MDP solution may be very sensitive to the model parameters Mannor et al.
(2004); Zhao et al. (2019); Packer et al. (2018), implying that one should be cautious when the model is changing or
when there is uncertainty in the model parameters. Robust MDPs (RMDPs) on the other hand, allow some room for the
uncertainty in the model parameters as it allows the model parameters to belong to some uncertainty set Hanasusanto
and Kuhn (2013); Tamar et al. (2014); Iyengar (2005).
Solving robust MDPs is NP-hard for general uncertainty sets Nilim and Ghaoui (2005), hence the uncertainty set is
popularly assumed to be rectangular which enables tractability Iyengar (2005); Nilim and Ghaoui (2005); Ho et al.
(2020). The uncertainty set is called rectangular if the uncertainty in model parameters (i.e., reward and transition
kernel) in one state is not coupled with the uncertainty in model parameters in different state. Under this rectangularity
assumption, many structural properties of MDPs remain intactIyengar (2005); Nilim and Ghaoui (2005) and methods
such as robust value iteration Bagnell et al. (2001); Wolfram Wiesemann (2012), robust modified policy iteration
Kaufman and Schaefer (2013), partial robust policy iteration Ho et al. (2020) etc can be used to solve it. It is also known
that uncertainty in the reward can be easily handled, whereas handling uncertainty in transition kernel is much more
challenging Derman et al. (2021). When an uncertainty set has a polyhedral structure (as in L1 /L∞ robust MDPs) then
it can be solved using nested Linear programming, that is, both policy evaluation and policy improvement are done
using linear programming exactly or inexactlyKaufman and Schaefer (2013); Wolfram Wiesemann (2012). Further in
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this direction, partial policy iteration approach to solve L1 -Robust MDPs by Ho et al. (2020) uses bags of tricks such as
homotopy, bisection methods etc. But these methods are computationally expensive or limited to certain cases. Derman
et al. (2021) developed the methodology to tackle robustness using regularization. It proposed model based robust value
iteration for sa-rectangular Lp robust MDPs. And for s-rectangular case, it proposed the policy gradient. Along this
line, Kumar et al. (2022), corrects the unrealistic assumption made by Derman et al. (2021) and extends the model
based robust value iteration for sa-rectangular Lp robust MDPs. Wang and Zou (2021) provides Q-learning for the
R-contamination uncertainty set that can be used in model-free settings, further Wang and Zou (2022) provides policy
gradient method for the same. But the R-contamination uncertainty set considered by Wang and Zou (2021, 2022) is
sa-rectangular. This paper extends the model-based algorithms in Kumar et al. (2022) to model free setting for both
sa and s-rectangular Lp robust MDPs with convergence guarantees.

2. Preliminary
2.1 Notations
P
For a set S, |S| denotes its cardinality. ⟨u, v⟩ := s∈S u(s)v(s) denotes the dot product between functions u, v : S →
q
P
R. ∥v∥qp := ( s |v(s)|p ) p denotes the qth power of Lp norm of P
function v, and we use ∥v∥p := ∥v∥1p and ∥v∥ := ∥v∥2
as shorthand. For a set C, ∆C := {a : C → R|a(s) ≥ 0, ∀s c∈C ac = 1} is the probability simplex over C 0, 1
denotes all zero vector and all ones vector/function respectively of appropriate dimension/domain. 1(a = b) := 1 if
a = b, 0 otherwise, is indicator function.
2.2 Markov Decision Processes
A Markov Decision Process (MDP) is defined by (S, A, P, R, γ, µ) where S is the state space, A is the action space,
P : S × A → ∆S is the transition kernel, R : S × A → R is the reward function, µ ∈ ∆S is the initial distribution
over states and γ ∈ [0, 1) is the discount factor Sutton and Barto (2018). A stationary policy π : S → ∆A maps states
to probability distribution over actions. And π(a|s), P (s′ |s, a), R(s, a) denotes the probability of selecting action a
in state s, transition probability to state s′ in state s under action a, and reward in state s under action a respectively.
We denote S = |S|, and A = |A| as a shorthand. The objective in a MDP is to maximize the expected discounted
cumulative reward, defined as
"∞
#
X
n
π
E
γ R(sn , an ) s0 ∼ µ, an ∼ π(·|sn ), sn+1 ∼ P (·|sn , an ) = ⟨R, dπP ⟩ = ⟨µ, vP,R
⟩,
(1)
n=0

where dπP is occupation measure of policy π with initial distribution of sates µ, and kernel P , defined as
"∞
#
X
π
n
dP (s, a) := E
γ 1(sn = s, an = a) s0 ∼ µ, an ∼ π(·|sn ), sn+1 ∼ P (·|sn , an ) ,
n=0
π
and vP,R
is the value function (dual formulationPuterman (1994)) under policy π with transition kernel P and reward
vector R, defined as
"∞
#
X
π
n
vP,R (s) := E
γ R(sn , an ) s0 = s, an ∼ π(·|sn ), sn+1 ∼ P (·|sn , an ) .
(2)
n=0
π
π
The value function vP,R
for policy π, is the fixed point of the Bellmen operator TP,R
Sutton and Barto (2018), defined
as
X
X


π
(TP,R
v)(s) =
π(a|s) R(s, a) + γ
P (s′ |s, a)v(s′ ) .
(3)
s′

a
∗
vP,R

π
maxπ vP,R

Similarly, the optimal value function
:=
∗
operator TP,R
Sutton and Barto (2018), defined as

is well defined and is the fixed point of the optimal Bellman

X


∗
(TP,R
v)(s) = max R(s, a) + γ
P (s′ |s, a)v(s′ ) .
a∈A

s′

2

(4)
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∗
π
The optimal Bellman operator TP,R
and Bellman operators TP,R
for all policy π, are γ-contraction mapsSutton and
Barto (2018).

2.3 Robust MDPs
In most practical cases, the system dynamics (transition kernel P and reward function R) are not known precisely.
Instead, we have an access to a nominal reward function R0 and a nominal transition kernel P0 that may have some
uncertainty. To capture this, the uncertainty (or ambiguity) set is defined as U := (R0 + R) × (P0 + P), where R, P
are the respective uncertainties in the reward function and transition kernel Iyengar (2005).The robust performance of a
policy π is defined to be its worst performance on the entire uncertainty set U. And our objective is to maximize the
robust performance, that is
max min ⟨R, dπP ⟩,
π

π
max min ⟨µ, vP,R
⟩.

equivalently

R,P ∈U

π

(5)

R,P ∈U

Solving the above robust objective is NP-hard in generalIyengar (2005); Wolfram Wiesemann (2012). Hence, the
uncertainty set U is commonly assumed to be s-rectangular, that is R and P can be decomposed state wise as
R = ×s∈S Rs and P = ×s∈S Ps . Sometimes, the uncertainty set U is assumed to decompose state-action wise
as R = ×s∈S,a∈A Rs,a and P = ×s∈S,a∈A Ps,a , known as (sa)-rectangular uncertainty set. Observe that it is
a special case of s-rectangular uncertainty set. Under the s-rectangularity assumption, many structural properties
of MDPs stay intact, and the problem becomes tractable Wolfram Wiesemann (2012); Iyengar (2005); Nilim and
Ghaoui (2005).Throughout the paper, we assume that the uncertainty set U is s-rectangular (or (sa)-rectangular)
unless stated otherwise. Under s-rectangularity, the robust value function is well defined Nilim and Ghaoui (2005);
Wolfram Wiesemann (2012); Iyengar (2005) as
π
vUπ := min vP,R
.

(6)

R,P ∈U

Using the robust value function, robust policy performance can be rewritten as
π
π
min ⟨µ, vP,R
⟩ = ⟨µ, min vP,R
⟩ = ⟨µ, vUπ ⟩.

R,P ∈U

The robust value function
(2005), defined as

(7)

R,P ∈U

vUπ

TUπ

is the fixed point of the robust Bellmen operator
Wolfram Wiesemann (2012); Iyengar
"
#
X
X
π
′
′
(TU v)(s) = min
π(a|s) R(s, a) + γ
P (s |s, a)v(s ) .
(8)
R,P ∈U

s′

a

Moreover, the optimal robust value function vU∗ := maxπ vUπ is well defined and is the fixed point of the optimal robust
Bellman operator TU∗ Iyengar (2005); Wolfram Wiesemann (2012), defined as
X
X


(TU∗ v)(s) = max min
πs (a) R(s, a) + γ
P (s′ |s, a)v(s′ ) .
(9)
πs ∈∆A R,P ∈U

TU∗

The optimal robust Bellman operator
theorem 3.2 of Iyengar (2005)), that is

and robust Bellman operators

∥TU∗ v − TU∗ u∥∞ ≤ γ∥u − v∥∞ ,
So for all initial values

v0π , v0∗ ,

s′

a

TUπ

are γ contraction maps for all policy π (see

∥TUπ v − TUπ u∥∞ ≤ γ∥u − v∥∞ ,

∀π, u, v.

(10)

sequences defined as
∗
vn+1
:= TU∗ vn∗

π
vn+1
:= TUπ vnπ ,

converges linearly to their respective fixed points, that is
an attractive method for solving robust MDPs.

vnπ

→

vUπ

and

vn∗

→

(11)
vU∗ .

This makes the robust value iteration

2.4 Lp Robust MDPs
In this section, we basically summarize the useful results from Kumar et al. (2022). We begin by making a few useful
definitions as per Kumar et al. (2022). Let q be such that it satisfies the Holder’s equality, i.e. p1 + 1q = 1. Let p-variance
function κp : S → R and p-mean function ωp : S → R be defined as
κp (v) := min∥v − ω1∥p ,

ωp := arg min∥v − ω1∥p .

ω∈R

ω∈R

3

(12)

Table 1: p-variance
x

κx (v)

remark

p

∥v − ωp ∥p

ωp can be found by binary search

∞

1
2

2
1

q

maxs v(s) − mins v(s)
P

s

v(s) −

P⌊(S+1)/2⌋
i=1

P

v(s)
S

s

v(si ) −



Peak to peak difference

2

PS

Variance

i=⌈(S+1)/2⌉

v(si ))

Top half minus bottom half

where v is sorted, i.e. v(si ) ≥ v(si+1 ) ∀i.
ωp (v) can be calculated by binary search in the range [mins v(s), maxs v(s)] and can then be used to approximate
κp (v) Kumar et al. (2022). Observe that for p = 1, 2, ∞, the p-variance function κp can also be computed in closed
form, see table 1 for summary Kumar et al. (2022).
2.4.1 S A - RECTANGULAR
In accordance with Derman et al. (2021); Kumar et al. (2022), we define (sa)-rectangular Lp constrained uncertainty
set as
Upsa := (R0 + R) × (P0 + P) where
R = ×s∈S,a∈A Rs,a ,
P = ×s∈S,a∈A Ps,a

Ps,a

Rs,a = {rs,a ∈ R | ∥rs,a ∥p ≤ αs,a }
X
= {ps,a : S → R |
ps,a (s′ ) = 0, ∥ps,a ∥p ≤ βs,a },
s′

and αs,a , βs,a ∈ R are reward noise radius and transition kernel noise radius respectively. These are chosen small
enough so that all the transition kernels in (P0 + P) are well defined. Let Q∗Upsa denote the optimal robust Q-values
associated with optimal robust value vU∗ psa , given as
X
Q∗Upsa (s, a) := −αs,a − γβs,a κq (vU∗ psa ) + R0 (s, a) + γ
P0 (s′ |s, a)vU∗ psa (s′ ).
(13)
s′

It is evident from theorem 1 that optimal robust value and optimal robust Q-values satisfies the following relation, same
as its non-robust counterparts,
vU∗ psa (s′ ) = max Q∗Upsa (s, a).

(14)

a∈A

Proposition 1 (Theorem 1, Kumar et al. (2022)) (Sa)-rectangular Lp robust Bellman operator is equivalent to reward
regularized (non-robust) Bellman operator. That is, using κp defined in (12), we have
X
X
(TUπpsa v)(s) =
π(a|s)[−αs,a − γβs,a κq (v) + R0 (s, a) + γ
P0 (s′ |s, a)v(s′ )],
and
s′

a

(TU∗psa v)(s)

= max[−αs,a − γβs,a κq (v) + R0 (s, a) + γ
a∈A

X

P0 (s′ |s, a)v(s′ )].

s′

Corollary 2 The Q-value iteration,
Qn+1 (s, a) = R0 (s, a) − αsa − γβsa κq (vn ) + γ

X
s′

P0 (s′ |s, a) max Qn (s′ , a),
a∈A

where vn (s) = maxa∈A Qn (s, a), then Qn converges to Q∗Upsa linearly for any initial Q-value Q0 .
4
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Proof The proof is in appendix B

2.4.2 S - RECTANGULAR
In accordance with Derman et al. (2021), We define s-rectangular Lp constrained uncertainty set as
Ups = (R0 + R) × (P0 + P),
P = ×s∈S Ps ,

Rs = {rs : A → R ∥rs ∥p ≤ αs },

where R = ×s∈S Rs ,
X

Ps = {ps : S × A → R

ps (s′ , a) = 0, ∀a, ∥ps ∥p ≤ βs },

s′

and αs , βs ∈ R are reward and transition kernel respectively noise radius that are chosen small enough so that all the
transition kernels in P0 + P are well defined. Let Q∗Ups denote the optimal robust Q-values associated with optimal
robust value vU∗ ps , defined as
Q∗Ups (s, a) := R0 (s, a) + γ

X

P0 (s′ |s, a)vU∗ ps (s′ ).

(15)

s′

Let us define the function ψp , ψp∞ : RS×A × RS → RS as following: ψp (Q, v)(s) is the solution to
p X
p

αs + γβs κq (v) =
Q(s, a) − x 1 Q(s, a) ≥ x ,

(16)

a

and ψp∞ (Q, v)(s) is the solution to
γβs κq (v)

p

=

X

Q(s, a) − x

p

1

Q(s, a) ≥ x



.

(17)

a

Proposition 3 The Q-value iteration,
Qn+1 (s, a) := R0 (s, a) + γ

X

P0 (s′ |s, a)ψp (Qn , vn )(s′ ),

(18)

s′

vn+1 := ψp (Qn , vn ).

(19)

Then Qn , vn converges to their optimal values, i.e. limn→∞ Qn =
value function v0 and Q0 (s, a) := R0 (s, a) + γP0 (s′ |s, a)v0 (s′ ).

Q∗Ups , limn→∞

vn =

vU∗ ps

linearly, for any initial

Proof The above result follows from theorem 3 of Kumar et al. (2022). It is discussed in more details in section B.

3. Stochastic Approximation Algorithms
In this section, we outline some useful stochastic approximation algorithms results from Borkar (2008); Borkar and
Soumyanatha (1997); Borkar and Meyn (2000). The stochastic approximation algorithm takes the following form,


X(n + 1) = X(n) + a(n) h(Xn ) + M (n + 1) , n ≥ 0,
(20)
where X(n) ∈ Rd , h : Rd → Rd , and {a(n)} is a sequence of positive numbers. The sequence {M (n) : n ≥ 0} is
noise sequence. Below are the assumptions under which the above sequence can be modeled as ordinary differential
equation (ODE).
5

Assumption 1 (Borkar and Meyn (2000))
1. The ODE
t ≥ 0,

ẋ(t) = h(x(t)),

(21)

∗

has unique a unique asymptotically stable equilibrium x .
2. The function h is Lipschitz. Let the limiting ODE be
h∞ (x) := lim

r→∞

h(rx)
.
r

(22)

The origin in Rd is an aysmptotically stable equilibrium for the ODE
t ≥ 0.

ẋ(t) = h∞ (x(t)),

(23)

3. The sequence {M (n), n ≥ 0}, with Fn = σ(X(i), M (i), i ≤ n) is a martingale difference noise. Moreover, for
some constant C0 ≤ ∞ and any initial condition X(0) ∈ Rd
h
i
E ∥M (n + 1)∥2 Fn ≤ C0 (1 + ∥X(n)∥2 ),
n ≥ 0.
(24)
4. The sequence {a(n)} satisfies 0 < a(n) ≤ 1, n ≥ 0, and
X
X
a(n) = ∞,
a(n)2 < ∞.
n

(25)

n

Proposition 4 (Theorem 2.2, Borkar and Meyn (2000)) Under assumption 1,
lim X(n) = x∗ ,

n→∞

a.s.

for all initial condition X(0) ∈ Rd .
3.1 Asynchronous Update
Now we focus on the asynchronous version of the above stochastic approximation algorithm. The requirement of
updating all components of X(n) at each time step is relaxed. Let {Y (n) ⊂ {1, 2, · · · , d}, n ≥ 0} be the sequence of
components to be updated, in other words Y (n) is the set of component to be updated at time n. Further, let us define
the counter function as
n
X
ν(i, n) :=
1(i ∈ Y (n)).
(26)
k=0

Observe that ν(i, n) is the number of times the component i is updated till time n. Now, state the additional assumption
required for convergence of asynchronous version of stochastic approximation algorithm in hand.
Assumption 2
that

1. All components are updated comparably often. That is, there exists some constant ∆ > 0, such
lim inf
n→∞

ν(i, n)
≥ ∆,
n

i.

2. The following limit exist a.s. for all x > 0, i, j,
PN (n,x)
m=n a(ν(i, m))
lim PN
,
(n,x)
n→∞
m=n a(ν(j, m))
where
N (n, x) := min{m ≥ n |

m
X
k=n+1

6

a(m) > x}.
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Proposition 5 (Theorem 2.5, Borkar and Meyn (2000)) Under assumption 1 and 2, the asynchronous stochastic
approximation algorithm,


X(n + 1)(i) = X(n) + a(ν(i, n))1(i ∈ Y (n)) h(Xn ) + M (n + 1) , n ≥ 0,
(27)
converges to optimal value x∗ , similar to synchronous case, that is
lim X(n) = x∗ .

n→∞

3.2 Two Time Scale
We consider two time scale algorithm as follows, for all n ≥ 0


X(n + 1) = X(n) + a(n) h1 (Xn , Yn ) + M 1 (n + 1) ,


Y (n + 1) = Y (n) + b(n) h2 (Xn , Yn ) + M 2 (n + 1) ,

(28)
(29)

where X(n) ∈ Rd1 , Y (n) ∈ Rd2 , h1 : Rd1 +d2 → Rd1 , h2 : Rd1 +d2 → Rd2 , and {a(n)}, {b(n)} are sequences of
positive numbers. Let us state the assumption under which the above sequence can be modeled as ordinary differential
equation (ODE).
Assumption 3

1. Step size sequences
X
X
a(n) =
b(n) = ∞,
n

X

n


a(n)2 + b(n)2 < ∞,

n

b(n)
→ 0.
a(n)

2. The sequence {M 1 (n) : n ≥ 0}, {M 2 (n) : n ≥ 0} are uncorrelated with zero mean. And
h
i
E ∥M i (n + 1)∥2 | Fn ≤ K(1 + ∥X(n)∥2 + ∥Y (n)∥2 ), i = 1, 2,
2
1
, m ≤ n) for n ≥ 0.
, Mm
where Fn := σ(X(m), Y (m), Mm

3. The ODE
ẋ(t) = h1 (x(t), y)
has a global asymptotically stable equilibrium λ(y) (uniformy in y), where λ is a Lipschitz map.
4. The ODE
ẏ(t) = h2 (λ(y(t)), y(t))
has a globally asymptotically stable equilibrium y ∗ .
5. The function
h1r (x, y) :=

h1 (rx, ry)
,
r

r ≥ 1,

satisfy h1r → h1∞ as r → ∞, uniformly on compacts for some h1∞ . Also the limiting ODE ẋ(t) = h1∞ (x(t), y)
has unique globally asymptotically stable equilibrium λ∞ (y), where λ∞ is a Lipschitz map. Further λ∞ (0) = 0,
i.e., the ODE ẋ(t) = h1∞ (x(t), 0) has the origin as its unique globally asymptotically stable equilibrium.
6. The function
h2r (y) :=

h2 (rλ∞ (y), ry)
,
r

r ≥ 1,

satisfy h2r → h2∞ as r → ∞, uniformly on compacts for some h2∞ . Also the limiting ODE ẏ(t) = h2∞ (y(t)) has
the origin as its unique globally asymptotically stable equilibrium.
Proposition 6 (Theorem 2, chapter 6, Borkar (2008)) Under assumption 3, (X(n), Y (n)) → (λ(y ∗ ), y ∗ ) a.s.
7

4. Synchronous Q-Learning
4.1 The sa-rectangularity case
In this section, we will prove that the Algorithm 1 converges to optimal Q-values under appropriated step size sequences.
We will use techniques from Borkar and Meyn (2000) for the same. We start with the synchronous case first then we
will see that the analysis extends to the asynchronous case just as easily as its non-robust counterpart. We have the
following stochastic approximation


Qn+1 = Qn + ηn h(Q) + Mn+1 ,
(30)
where
h(Q)(s, a) := R0 (s, a) − αs,a − γβs,a κq (Q) + γ

X

P0 (s′ |s, a) max Q(s′ , a) − Q(s, a)
a∈A

s′

(31)

and
Mn+1 (s, a) := γ max Qn (s′ , a) − γ
a∈A

X

P0 (s′ |s, a) max Qn (s′ , a),
a∈A

s′

s′ ∼ P0 (· | s, a).

Theorem 7 The Q-value iteration, defined as


Qn+1 (s, a) = Qn (s, a) + ηn R0 (s, a) − αs,a − γβs,a κq (Q) + γ max
Qn (s′ , a′ ) − Qn (s, a) ,
′
a

(32)

s′ ∼ P0 (·|s, a),

converges to the optimal Q-value, i.e
lim Qn = Q∗Upsa ,

n→∞

for any initial Q-value Q0 .
Proof We show in appendix C.1 that the above Q-value iterations satisfies Assumption 1, hence the result follows from
theorem 2.2 of (Borkar and Meyn, 2000).
Synchronous sample based algorithm based on the above result is presented in Algorithm 1.
Algorithm 1 Synchronous Q-Learning Algorithm for sa-Rectangular Lp Robust MDP
1: Choose appropriate step sizes ηn for n ≥ 0. Randomly initialize Q0 .
2: while not converged do
3:
Calculate value variance

σ = κq (vn ),
4:
5:
6:

where vn (s) := max Qn (s, a).
a

for s, a ∈ S × A do
Get the next state s′ ∼ P0 (·|s, a) from the environment.
Update Q-value as
h
i
′ ′
Qn+1 (s, a) = Qn (s, a) + ηn R0 (s, a) − αs,a − γβs,a σ + γ max
Q
(s
,
a
)
−
Q
(s,
a)
.
n
n
′
a

(33)

(34)

7:
end for
8: end while

4.2 The s-rectangularity case
In this section, we will prove that the algorithm 2 converges to optimal Q-values under appropriate step size sequences.
We will use techniques from Borkar (2008)(chapter six) for two time scale, for the same.
8
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Theorem 8 The Q-value and value iteration


Qn+1 (s, a) := Qn (s, a) + ηn1 R0 (s, a) + γvn (s′ ) − Qn (s, a) ,


vn+1 (s) := vn (s) + ηn2 ψp (Qn , vn )(s) − vn (s)
converges to their optimal values. That is
and
vn → vU∗ ps ,
Qn → Q∗Ups ,

s′ ∼ P0 (·|s, a),

(35)

for any initial Q-value Q0 and value v0 .
Proof We show in appendix C.2 that the above Q-value iterations satisfies assumption 3, then the result follows directly
from Lakshminarayanan and Bhatnagar (2017) that builds up on theorem 2, chapter 6, Borkar (2008).
Synchronous sample based algorithm based on the above result is presented in algorithm 2.
Algorithm 2 Synchronous Algorithm for s-rectangular Lp Robust MDP
1
1: Choose appropriate step sizes sequences {ηn
}, {ηn2 }. Take initial Q-values Q0 and value function v0 randomly.
2: while not converged do
3:
Update value function:

vn+1 (s) = vn (s) + ηn2 [ψp (Qn , vn ) − vn (s)] .

4:
5:
6:

(36)

for a ∈ A do
Get the next state s′ ∼ P0 (·|s, a) from the environment.
Update Q-value as
Qn+1 (s, a) = Qn (s, a) + ηn1 [R0 (s, a) + γvn (s′ ) − Qn (s, a)].

(37)

7:
end for
8: end while

5. Asynchronous Q-Learning
Now we move our attention to the asynchronous case. Recall from theorem 2.5 of Borkar and Meyn (2000) that
asynchronous case requires additional assumption on the relative frequency of updates in different components (states
and action). In its non-robust counterpart, the required assumption (assumption 2) is satisfied through appropriate
exploratory action strategies (such as ϵ greedy action ). Robust counterpart has no addition complications, hence the
same exploratory strategies (such as ϵ greedy action ) would be sufficient to ensure that the assumption 2 is satisfied,
and consequently the asynchronous version of the Q-value iteration for sa-rectangular Lp robust MDPs, converges to
their optimal values. And κ∞ , κ2 can be easily computed asynchronously that paves the path for asynchronous model
free algorithm for sa-rectangular Lp robust MDPs, for p = 1, 2. For s-rectanglur case, we need to find the conditions
that is required to extend synchronous stochastic algorithm to asynchronous stochastic algorithm. We believe, this
extention may be very similar to single time scale case, and consequently everything above for sa-rectangular case,
hold for s-rectangular case too. Asynchronous algorithms are presented in appendix D for sa/s-rectangular L1 /L2
robust MDPs.

6. Discussion and Future Works
The work provide covergence guarantees for the model free algorithms for Lp robust MDPs. It would be interesting to
study the rate of convergence. We plan to apply these algorithms with deep learning to solve real world problems. It
would be interesting to find a way too estimate κp asynchronously, that will pave the path for asynchronous algorithms
for sa/s-rectangular Lp robust MDPs.
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Appendix A. Helper Results
Proposition 9 Let the function f : RA → R be defined as
f (b, v) = x

(α + γβκq (v))p =

s.t.

A
X

(bi − x)p 1(bi ≥ x),

i=1

then the function is Lipschitz in b and v.
Proof Follows from proposition 10 and 11.

Proposition 10 Let the function f : RA → R be defined as
f (b) = x

αp =

s.t.

A
X
(bi − x)p 1(bi ≥ x),
i=1

then the function is Lipschitz in b.
Proof Observe the following inequality, that we will use next
(y − ϵ1 )p 1(y ≥ ϵ1 ) ≤ y p 1(y ≥ 0) ≤ (y + ϵ2 )p 1(y ≥ −ϵ2 ),
′

∀p, ϵ1 , ϵ2 ≥ 0

∀y.

′

Let b be a perturbation of b such that ∥b − b∥ ≤ ϵ. Now using the above inequality, we have
(bi − (x + ϵ1 ))p 1(bi ≥ x + ϵ1 ) ≤ (bi − x)p 1(bi ≥ x) ≤ (bi − (x − ϵ2 ))p 1(b′i ≥ x − ϵ2 ),
where ϵ1 = ϵ + bi − b′i , ϵ2 = ϵ + b′i − bi . Note that ϵ1 , ϵ2 ≥ 0. Putting back the values of ϵ1 , ϵ2 above, we get
(b′i − (x + ϵ))p 1(b′i ≥ x + ϵ) ≤ (bi − x)p 1(bi ≥ x) ≤ (b′i − (x − ϵ))p 1(b′i ≥ x − ϵ).
Summing over i, we get
A
X

(b′i − (x + ϵ))p 1(b′i ≥ x + ϵ) ≤

i

A
X

(bi − x)p 1(bi ≥ x) ≤

A
X

(b′i − (x − ϵ))p 1(b′i ≥ x − ϵ).

i

i

Putting x = f (b), we have
A
X

(b′i − (f (b) + ϵ))p 1(b′i ≥ f (b) + ϵ) ≤

A
A
X
X
(bi − f (b))p 1(bi ≥ f (b)) ≤
(b′i − (f (b) − ϵ))p 1(b′i ≥ f (b) − ϵ).

i

i

=⇒

i

A
X

(b′i − (f (b) + ϵ))p 1(b′i ≥ f (b) + ϵ) ≤ αp ≤

i

We know that the function g(x) :=
we have

A
X

(b′i − (f (b) − ϵ))p 1(b′i ≥ f (b) − ϵ).

i

PA

′
p
′
i=1 (bi − x) 1(bi

≥ x) is monotonically decreasing in x. From the above relation,

g(f (b) + ϵ) ≤ αp ≤ g(f (b) − ϵ),

and by definition g(f (b′ )) = αp . From continuity of g, we conclude
f (b) − ϵ ≤ f (b′ ) ≤ f (b) + ϵ.
So conclude, that

|f (b) − f (b′ )|≤ ∥b − b′ ∥,

hence Lipschitz of function f is established.
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Proposition 11 Let the function f : RS → R be defined as
f (v) = x

s.t.

(α + γβκq (v))p =

A
X
(bi − x)p 1(bi ≥ x),
i=1

then the function is Lipschitz in v.
Proof Let the function g : [mini bi , maxi bi ] → R be defined as
g(x) :=

A
X

 p1

(bi − x)p 1(bi ≥ x)

=

X

(bi − x)p

 p1

.

bi ≥x

i=1

Its derivative is given by
X
X
1
dg(x)
= −(
|bi − x|p ) p −1
|bi − x|p−1
dx
bi ≥x
bi ≥x
P
p−1
|b
−
x|
b ≥x i
=− P i
p−1
( bi ≥x |bi − x|p ) p
1
p−1 p−1 ip−1
h (P
)
bi ≥x |bi − x|
=−
P
1
( bi ≥x |bi − x|p ) p
≤ −1.

(38)

(39)

(40)
(41)

The inequality follows from the following relation between Lp norm,
∥x∥a ≥ ∥x∥b ,

∀0 ≤ a ≤ b.

It is easy to see that the function g is strictly monotone in the range [mini bi , maxi bi ], so its inverse is well defined in
the same range.Then derivative of the inverse of the function g is bounded as
0≥
Observe that

d −
g (x) ≥ −1.
dx

g − (α + γβκq (v)) = f (v)

and from proposition 12, we know the q-variance function κp (v) is Lipschitz in v. That implies that function f is
Lipschitz.

Proposition 12 The p-variance function κp (v) is Lipschitz in v.
Proof Let us first prove the mean function
ωp (v) = arg min∥v − ω∥p ,
w∈R

is Lipschitz. Note that the norm ∥·∥ is convex, hence any local minima is the global minima. Taking its derivative,
X
1
∂
∂
∥v − ω∥p =
|v(s) − ω|p p
(42)
∂ω
∂ω
s
X
 1 −1 X
|v(s) − ω|p p
=
sign(v(s) − ω)|v(s) − ω|p−1
(43)
s

s

(44)

13

The derivative must be zero at ωp (v), so we have
X
p−1 X
|v(s) − ωp (v)|p
sign(v(s) − ωp (v))|v(s) − ωp (v)|p−1 = 0
s

=⇒

X

(45)

s

sign(v(s) − ωp (v))|v(s) − ωp (v)|p−1 = 0.

(46)

s

(47)
Let u be an ϵ perturbation of v, that is ∥v − u∥ ≤ ϵ. And let the function g be defined as
X
g(x) :=
sign(u(s) − x)|u(s) − x|p−1 .
s

Now we will prove g(ωp (v) − ϵ) ≥ 0 ≥ g(ωp (v) + ϵ). Observe that
sign(u(s) − ωp (v) − ϵ)|u(s) − ωp (v) − ϵ|p−1 ≤ sign(v(s) − ωp (v))|v(s) − ωp (v)|p−1 = 0
as u(s) − ϵ ≤ v(s), ∀s. And similarly
sign(u(s) − ωp (v) + ϵ)|u(s) − ωp (v) + ϵ|p−1 ≥ sign(v(s) − ωp (v))|v(s) − ωp (v)|p−1 = 0,
as u(s) + ϵ ≥ v(s), ∀s. Summing over all states in the above inequalities, we get
g(ωp (v) − ϵ) ≥ 0 ≥ g(ωp (v) + ϵ),
that implies root of g lies in [ωp (v) − ϵ, ωp (v) + ϵ]. That implies,
∥ωp (v) − ωp (v ′ )∥ ≤ 2ϵ.
This implies the Lipschitzcity of ωp .
Now we are in the position to prove our main claim. We have
κp (v) − κp (v ′ ) = ∥v − ωp (v)∥p − ∥v ′ − ωp (v ′ )∥p
≤ |∥v − v ′ − ωp (v) + ωp (v ′ )∥p ,
′

′

≤ ∥v − v ∥p − ∥ωp (v) + ωp (v )∥p ,

(48)
(from reverse triangle inequality)
(from triangle inequality)

≤ 3∥v − v ′ ∥p ≤ 3ϵ.

(49)
(50)
(51)

Hence, we establish the Lipschitzcity of p-variance function κp .

Proposition 13 Let the function f : RA → R be defined as
f (b) = x

s.t.

αp =

A
X
(bi − x)p 1(bi ≥ x).
i=1

Then
lim

r→∞

f (rb)
= max bi .
i
r

Proof Let b1 := maxi bi be the largest component of b, and let b2 = max{bi ̸= b1 | 1 ≤ i ≤ A} be the second largest
component. And let ρ = |{bi = b1 | 1 ≤ i ≤ A} be the number of largest component.
Now, observe that there exist r0 such that
r(b1 − b2 ),
∀r ≥ r0 .
This implies that
α
f (rb) = rb1 − 1 ,
∀r ≥ r0 .
ρp
Taking the limit above, we get the desired result.
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Proposition 14 limr→∞

ψp (rb,rv)
r

is the solution to the following,
(γβκq (v))p =

A
X
(bi − x)p 1(bi ≥ x).
i=1

This is equivalent of having reward uncertainty (α) zero.
Proof By definition, ψp (rb, rv) for r > 0, satisfies the following
(α + γβκq (rv))p =

A
X

(rbi − ψp (rb, rv))p 1(rbi ≥ ψp (rb, rv))

(52)

i=1

=⇒ (α + rγβκq (v))p = rp

A
X

(bi − ψp (rb, rv))p 1(bi ≥ ψp (rb, rv))

(53)

i=1
A

=⇒ (

X
α
+ γβκq (v))p =
(bi − ψp (rb, rv))p 1(bi ≥ ψp (rb, rv)).
r
i=1

(54)
(55)

Taking the limit, we get the desired result.

Appendix B. Lp robust MDPs
Corollary 15 The Q-value iteration,
Qn+1 (s, a) = R0 (s, a) − αsa − γβsa κq (vn ) + γ

X

P0 (s′ |s, a) max Qn (s′ , a),

(56)

a∈A

s′

where vn (s) = maxa∈A Qn (s, a), then Qn converges to Q∗Upsa linearly for any initial Q-value Q0 .
Proof Let value iteration be define as follows
v0 (s) := max Q0 (s, a),

and

a

vn+1 := TU∗psa vn .

We will proceed by induction. Now, let us assume vn (s) = maxa Qn (s, a). We have
X
Qn+1 (s, a) : = R0 (s, a) − αs,a − γβs,a κq (vn ) + γ
P0 (s′ |s, a) max Qn (s′ , a)
a∈A

s′

= R0 (s, a) − αs,a − γβs,a κq (vn ) + γ

X

P0 (s′ |s, a)vn (s′ )

(57)
(58)

s′

=⇒ max Qn+1 (s, a) = max
a

a

h

R0 (s, a) − αs,a − γβs,a κq (vn ) + γ

X

P0 (s′ |s, a)vn (s′ )

i

(59)

s′

= (TU∗psa vn )(s) = vn+1 (s).

(60)

So from inductive arguments, we conclude
vn (s) = max Qn (s, a),
a

15

∀s, n.

Now we have,
Qn+1 (s, a) = R0 (s, a) − αs,a − γβs,a κq (vn ) + γ

X

P0 (s′ |s, a)vn (s′ )

(61)

s′

=⇒ lim Qn+1 (s, a) = lim
n→∞

n→∞

h

R0 (s, a) − αs,a − γβs,a κq (vn ) + γ

X

P0 (s′ |s, a)vn (s′ )

i

(62)

s′

= R0 (s, a) − αs,a − γβs,a κq (vU∗ ps ) + γ

X

P0 (s′ |s, a)vU∗ ps (s′ )

(63)

s′

= Q∗Ups (s, a).

(64)

Proposition 16 The Q-value iteration,
Qn+1 (s, a) := R0 (s, a) + γ

X

P0 (s′ |s, a)ψp (Qn , vn )(s′ ),

(65)

s′

vn+1 := ψp (Qn , vn ).

(66)

Then Qn , vn converges to their optimal values, i.e. limn→∞ Qn =
value function v0 and Q0 (s, a) := R0 (s, a) + γP0 (s′ |s, a)v0 (s′ ).

Q∗Ups , limn→∞

vn =

vU∗ ps

linearly, for any initial

Proof The above is just restatement of theorem 3 of Kumar et al. (2022). As it states
vn+1 = TU∗ps vn = ψp (Qn , vn )
where
Qn (s, a) = R0 (s, a) + γ

X

P0 (s′ |s, a)vn (s′ ),

(67)

s′

=⇒ Qn+1 (s, a) = R0 (s, a) + γ

X

P0 (s′ |s, a)vn+1 (s′ ),

(68)

P0 (s′ |s, a)ψp (Qn , vn )(s′ ).

(69)

s′

=⇒ Qn+1 (s, a) = R0 (s, a) + γ

X
s′

(70)
Now, lets study the convergence rate. Linear convergence rate of vn+1 follows from the contraction property of optimal
robust Bellman operator. Now we move for attention to Qn . Observe we have
∥Qn − Q∗Ups ∥∞ = ∥R0 + γP0T vn − R0 − γP0T vU∗ ps ∥∞

(71)

= γ∥P0T vn P0T vU∗ ps ∥∞

(72)

=

γ∥P0T (vn

≤ γ∥vn −

−

vU∗ ps )∥∞

vU∗ ps ∥∞

≤ γ n+1 ∥v0 − vU∗ ps ∥∞ .

(73)
(74)
(75)
(76)

This concludes the proof.
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Appendix C. Main
C.1 sa-rectangular
Now, we see if the above stochastic approximation satisfies the assumption 1.
1. The function h is clearly Lipschitz as κq (Q) and maxa Q(·, a) is Lipschitz in Q.
2. We can take the step size ηn to satisfy to step size condition in assumption 1.
3. We have the same noise as in Borkar and Meyn (2000) (see section 3.2, Borkar and Meyn (2000)), nonetheless
we show the noise satisfies the required conditions. Mn is clearly uncorrelated zero mean martingale noise. And
h
i
i
X h
X
E ∥M (n + 1)∥2 Fn = γ 2
E |max Qn (s′ , a) −
P0 (s′ |s, a) max Qn (s′ , a)|2 Fn ,
(77)
a∈A

s,a

= γ2

XX
s,a

≤ γ2
≤ γ2
≤ γ2

a ∈A

s′
a′ ∈A

s′

XXX
s,a

2

max Qn (s′ , a′ )

s′

2

Qn (s′ , a′ )

P0 (s′ |s, a) max
Qn (s′ , a′ )
′
a ∈A

s′

P0 (s′ |s, a) max
Qn (s′ , a′ )
′

XX
s,a

X

a ∈A

s′

XX
s,a

P0 (s′ |s, a) max
Qn (s′ , a′ ) −
′
2

a∈A

s′

2

,

,

(78)
(79)

,

(80)

,

(81)

a′
2

= γ 2 SA∥Qn ∥ .

(82)

Observe that bounds are very loose, but good enough for the purpose.
4. The limiting ODE is
h(rQ)(s, a)
r
P
γ s′ P0 (s′ |s, a) maxa∈A rQ(s′ , a) − rQ(s, a)
κq (rQ)
= −γβs,a lim
+ lim
r→∞
r→∞
r
r
X
P0 (s′ |s, a) max Q(s′ , a) −Q(s, a).
= −γβs,a κq (Q) + γ

h∞ (Q)(s, a) := lim

r→∞

a∈A

s′

|

{z

(83)
(84)
(85)

}

:=F∞ (Q)(s,a)

(86)
The equation follows from the fact that q-variance function κq is scalar linear (i.e. κq (rQ) = rκq (Q)). We
have additional −κq (Q) term in the ODE above as compared to the limiting ODE of non-robust ODE (see
section 3.2 of Borkar and Meyn (2000)). The map F is γ-contraction map w.r.t max norm ∥·∥∞ . Why? Recall
TU∗psa is γ-contraction map w.r.t. max norm ∥·∥∞ where Upsa = (R0 + R) × (P0 + P). Now let nominal
reward function R0 = 0 be zero function and reward noise set R = {0} be singleton zero set. In conclusion,
Upsa = (0) × (P0 + P), and then verify that
TU∗psa Q = F (Q).
It is clear that the fixed point of TU∗psa is 0. Now, we have the similar setting as in Borkar and Meyn (2000) (see
section Borkar and Meyn (2000)). Same as Borkar and Meyn (2000), we conclude that the global asymptotic
stability of unique equilibrium point of h∞ , is a special case of the results of Borkar and Soumyanatha (1997).
5. From above discussion, we also conclude same as Borkar and Meyn (2000) (see section Borkar and Meyn
(2000)), the global asymptotic stability of unique equilibrium point of h, follows from Borkar and Soumyanatha
(1997).
17

C.2 s-rectangular
Now let us consider the stochastic version of proposition 3, as follows


Qn+1 (s, a) := Qn (s, a) + ηn1 R0 (s, a) + γvn (s′ ) − Qn (s, a) ,


vn+1 (s) := vn (s) + ηn2 ψp (Qn , vn )(s) − vn (s)

s′ ∼ P0 (·|s, a),

(88)

Let v0 , Q0 be any initial value function and Q-value respectively. This can be re-framed as




Qn+1 = Qn + ηn1 h1 (Q) + Mn+1 ,
vn+1 = vn + ηn2 h2 (Qn , vn ) .
where

h1 (Q, v)(s, a) := R0 (s, a) + γ

X

P0 (s′ |s, a)v(s′ ) − Q(s, a),

(87)

(89)

h2 (Q, v) := ψp (Q, v) − v

s′

and

Mn+1 (s, a) := γvn (s′ ) − γ

X

P0 (s′ |s, a)vn (s′ ),

s′ ∼ P0 (·|s, a).

s′

We want to point out that this is a two time scale algorithm, Q-update being the fast time timescale and value function
update being the slow one. Now we show that the above stochastic algorithm satisfies algorithm 3.
1. The function ψp (Q, v) is Lipschitz in Q and v (see proposition 9). Consequently the function h2 (Q, v) is also
Lipschitz in Q and v. And Lipschitzcity of h1 is direct.
2. We can take the step size ηn1 , ηn2 to satisfy to step size condition in assumption 3.
3. Mn is clearly uncorrelated zero mean martingale noise. And
h
i
i
X h
X
E ∥M (n + 1)∥2 Fn = γ 2
E |vn (s) −
P0 (s′ |s, a)vn (s′ )|2 Fn ,
= γ2

XX
s,a

≤ γ2
≤ γ2

P0 (s′ |s, a) vn (s′ ) −

P0 (s′ |s, a)vn (s′ )

2

,

(91)

s′

P0 (s′ |s, a) vn (s′ )

2

,

(92)

s′

XX
s,a

X

s′

XX
s,a

(90)

s′

s,a

vn (s′ )

2

,

(93)

s′

= γ 2 SA

vn

2

,

(94)
(95)

Observe that bounds are very loose, but good enough for the purpose.
4. The ODE

ẋ(t) = h1 (x(t), y) = R0 + γP0T y − x(t)

has the following solution,
x(t) = R0 + γP0T y+

R0 + γP0T y − x(0)



e−t .

It clear that the above ODE has a globally asymptotically stable equilibrium λ(y) := R0 + γP0T y (uniformly in
y), and λ is a Lipschitz map.
5. The ODE

ẏ(t) = h2 (λ(y(t)), x(t)) = ψp (λ(y(t)), y(t)) − y(t),

has a globally asymptotically stable equilibrium vU∗ ps . Why? The map F (v) := ψp (R0 + γP0T v, v) is a
contraction (see theorem 3 Kumar et al. (2022)), and then the rest follows from Borkar and Soumyanatha (1997).
18
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6. The function h1r , defined as
h1 (rx, ry)
r
R0 + γP0T ry − rx
=
r
R0
=
+ γP0T y − x
r

h1r (x, y) :=

(96)
(97)
(98)

converges uniformly to h1∞ , defined as h1∞ (x, y) = γP0T y − x. The limiting ODE
ẋ(t) = h1∞ (x(t), y) = γP0T y − x(t),
has a globally asymptotically stable equilibrium λ∞ (y) = γP0T y. The function λ∞ is linear hence Lipschitz.
Further, verify that λ∞ (0) = 0. The ODE
ẋ(t) = h1∞ (x(t), 0) = −x(t),
has the origin as its unique globally asymptotically stable equilibrium.
7. The function h2r is defined as
h2 (rλ∞ (y), ry)
r
ψp (rλ∞ (y), ry) − ry
=
r
T
ψp (γrP0 y, ry)
−y
=
r

h2r (y) :=

(99)
(100)
(101)
(102)

converges to h2∞ , defined as

h2∞ (y) := ψp∞ (γP0T y, y) − y,

where ψp∞ (Q, v)(s) is the solution to
(γβs κq (v))p =

X

Q(s, a) − x

p

1

Q(s, a) ≥ x



.

(103)

a

The limiting ODE
ẏ(t) = h2∞ (y(t)) = ψp∞ (γP0T y(t), y(t)) − y(t),
has origin as its globally asymptotically stable equilibrium. Why? The map ψp∞ (γP0T y, y) is still contraction
that guarantees the globally asymptotically stable equilibrium point. Furhte, the map ψp∞ (γP0T y, y) corresponds
to the case where nominal reward is zero, and the uncertainty in reward is zero, that implies the globally
asymptotically stable equilibrium point has to be origin.

Appendix D. Sample Based Algorithms
In this section, we assume that we don’t have the access to the nominal transition kernel but only to its samples.
Algorithm 6, algorithm 5, algorithm 3, algorithm 4 is sample based algorithm for (sa)-rectangular L1 robust MDPs,
(sa)-rectangular L2 robust MDPs, (s)-rectangular L1 robust MDPs, (s)-rectangular L2 robust MDPs respectively.
Observe that in algorithm 3, we need to calculate initial value variance (vmax − vmin ) which can be difficult to compute
for large state spaces. This can be remedy in number of ways: a) initializing Q-values to 0 b) initializing Q-values
randomly in a bounded range, say [−1, 1], with nice enough distribution then vmax ≈ 1 and vmin ≈ −1 for large state
spaces (for small state spaces, it can be calculated directly) c) starting with any arbitrary values, may also work that we
leave for future works.
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Algorithm 3 Sample Based Regularized Q-Learning Algorithm for S Rectangular L1 Robust MDP
1: Choose appropriate step sizes ηn and exploration probability ϵn for n ≥ 0. Take initial Q-values Q0 ran-

domly, and sample initial state s0 from initial distribution µ. Calculate initial value peak values vmax =
maxs∈S,a∈A Q0 (s, a), vmin = mins∈S,a∈A Q0 (s, a)
2:
3: Input: αs , βs are uncertainty radius in reward and transition kernel respectively in state s.
4:
5: while not converged do
6:
7:
Update reward regularizer.

σ = αsn + γβsn

vmax − vmin
2

Sort the Q-value such that

8:

Q(sn , a1 ) ≥ Q(sn , a2 ), · · · , ≥ Q(sn , aA )
Update value function:

9:

Pm
vn+1 (sn ) = max
m

i=1

Q(sn , ai ) − σ
m

.
10:

Get optimal policy:
1(Qn (sn , a) ≥ vn+1 (sn ))
πn (a|sn ) = P
a 1(Qn (sn , a) ≥ vn+1 (sn ))

11:

With probability 1 − ϵn , play optimal policy
an ∼ πn (·|sn )
and with probability ϵn play exploratory action.

12:
13:
14:
15:

Get next state sn+1 from the environment.
Update Q-value as
Qn+1 (sn , an ) = Qn (sn , an ) + ηn [R(sn , an ) + γvn+1 (sn+1 ) − Qn (sn , an )].

16:

Update the value peak values
vmax = max(vmax , vn+1 (sn )),

17: end while
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vmin = max(vmin , vn+1 (sn )).
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Algorithm 4 Sample Based Q-Learning Algorithm for S Recantangular L2 Robust MDP
1: Choose appropriate step sizes ηt and exploration probability ϵt for t ≥ 0. Take initial
PQ-values Q0 randomly, and

sample initial state s0 from initial distribution q. Calculate initial value mean µ0 =
P
calculate initial value second moment ρ0 = s∈S (maxa∈A Q0 (s, a))2 .

s∈S

maxa∈A Q0 (s, a), and

2:
3: Input: αs , βs are uncertainty radius in reward and transition kernel respectively in state s.
4:
5: while not converged do
6:
7:
Sort the actions according to their Q-values, that is

Qn (sn , ai ) ≥ Qn (sn , ai+1 ),
8:

Update reward regularizer.
σ = αs + γβs

9:
10:
11:

∀i.

p

ρn − (µn )2

Solve for value function. Set vn+1 (sn ) = Qn (sn , a1 ) − σ, and k = 1
while vn+1 (sn ) < Qn (sn , ak ) and k ≤ A − 1 do
k =k+1

(104)

v
u
k
k
k
u
X
X
X
1
vn+1 (sn ) = [
Qn (sn , ai ) − tkσ 2 + (
Qn (sn , ai ))2 − k
(Qn (sn , ai ))2 ],
k i=1
i=1
i=1
12:
13:

end while
Get optimal policy:
(Qn (sn , a) − vn+1 (sn ))1(Qn (sn , a) > vn+1 (sn ))
πn (a|sn ) = P
a (Qn (sn , a) − vn+1 (sn ))1(Qn (sn , a) > vn+1 (sn ))

14:

With probability 1 − ϵt , play optimal policy
an ∼ πn (·|sn )

15:
16:
17:

and with probability ϵn play exploratory action.
Get next state sn+1 from the environment.
Update Q-value as
Qn+1 (sn , an ) = Qn (sn , an ) + ηn [R0 (sn , an ) + γvn+1 (sn+1 ) − Qn (sn , an )].

18:

Update the value mean (first moment)
µn+1 = µn +

19:

maxa Qn+1 (sn , a) − maxa Qn (sn , a)
S

Update the value second moment
ρn+1 = ρn + (max Qt+1 (st , a))2 − (max Qt (st , a))2
a

a

20: end while
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(105)

Algorithm 5 Sample Based Q-Learning Algorithm for SA Recantangular L2 Robust MDP
1: Choose appropriate step sizes ηt and exploration probability ϵt for t ≥ 0. Take initial
PQ-values Q0 randomly, and

sample initial state s0 from initial distribution q. Calculate initial value mean µ0 = s∈S maxa∈A Q0 (s, a), and
P
calculate initial value second moment ρ0 = s∈S (maxa∈A Q0 (s, a))2 .
2: Input: αs,a , βs,a are uncertainty radius in reward and transition kernel respectively in state s and action a.
3: while not converged do
4:
With probability 1 − ϵt , play a best action
at ∈ arg max Qt (st , a),
a∈A

5:
6:
7:

and with probability ϵt play exploratory action.
Get next state st+1 from the environment.
Get effective reward
p
rt = R0 (st , at ) − αst ,at − γβst ,at ρt − (µt )2 .
Update Q-value as
Qt+1 (st , at ) = Qt (st , at ) + ηt [rt + γ max Qt (st+1 , a) − Qt (st , at )].
a

8:

Update the value mean (first moment)
µt+1 = µt +

9:

maxa Qt+1 (st , a) − maxa Qt (st , a)
S

Update the value second moment
ρt+1 = ρt + (max Qt+1 (st , a))2 − (max Qt (st , a))2
a

a

10: end while

Algorithm 6 Sample Based Regularized Q-Learning Algorithm for SA Recantangular L1 Robust MDP
1: Choose appropriate step sizes ηn and exploration probability ϵn for n ≥ 0.

Q0 randomly, and sample initial state s0 from initial distribution µ.
vmax = maxs∈S maxa∈A Q0 (s, a), vmin = mins∈S maxa∈A Q0 (s, a)

Take initial Q-values
calculate value peak values:

2: while not converged do
3:
With probability 1 − ϵn , play a best action

an ∈ arg max Qn (sn , a)
a∈A

4:

and with probability ϵn play exploratory action.
Get next state sn+1 from the environment and effective reward
rn = R0 (sn , an ) − αsn ,an − γβsn ,an

5:

vmax − vmin
.
2

Update Q-value as
Qn+1 (sn , an ) = Qn (sn , an ) + ηn [rn + γ max Qn (sn+1 , a) − Qn (sn , an )].
a

6:

Update the value peak values
vmax = max(vmax , max Qn+1 (sn , a)),
a

7: end while
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vmin = max(vmin , max Qn+1 (sn , a))
a

