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Abstract
Learning complex control policies from high-dimensional sensory input is a challenge
for reinforcement learning algorithms. Non-parametric methods can help to address this
problem, but many current approaches rely on unstable greedy maximization. In this paper,
we develop a kernel-based reinforcement learning algorithm that performs robust policy
updates. We show that our method outperforms related approaches, and is able to learn an
underpowered swing-up task task directly from high-dimensional image data.

1. Introduction
Learning continuous valued control policies directly from high-dimensional sensory input
presents a major obstacle to applying reinforcement learning (RL) methods effectively in
realistic settings. Current approaches for continuous domains typically rely on humandesigned features for value function approximations or specialized parametric policies.
Furthermore, many methods require a transition model, which, in the general case, is
unknown. A recent approach (Grünewälder et al., 2012) embeds the transition distributions
in a reproducing kernel Hilbert space (RKHS). This allows efficient estimation of expected
values and avoids the need to define features. Such RKHS embeddings have been successfully
used in value-function methods (Grünewälder et al., 2012). These methods update the policy
greedily with respect to the approximated value function, which can cause instabilities in
the learning progress. Such instabilities can be avoided by bounding the information loss
between subsequent state-action distributions (Peters et al., 2010).
In this paper1 , we employ kernel-based methods to find bounded policy updates according
to the information-theoretic objective proposed in Peters et al. (2010). This method
contributes a more stable learning progress for non-parametric reinforcement learning.
Simultaneously, it avoids the use of hand-crafted features.
The resulting robust RL method performs well in continuous state-action spaces with
high-dimensional sensory representations. In our experiments, we show that our method
outperforms relevant baselines on a reaching task and an underpowered swing-up task. We
also show it is applicable to a task with high dimensional pixel images state representation.
1. This paper is a short version of van Hoof et al. (2015).
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1.1 Notation and Background
In a Markov decision process (MDP), an agent in state s selects an action a ∼ π(a|s)
according to a (possibly stochastic) policy π and receives a reward Ras ∈ R. We will
assume continuous state-action spaces: s ∈ S = RDs , a ∈ A = RDa . If the Markov
decision process
a stationary distribution µπ (s)
´ ´ isa ergodic, for each policy π,0 there exists
a = P r(s0 |a, s). The goal of a
such that S A Pss
(s)dads
=
µ
(s
),
where
P
π(a|s)µ
0
π
π
ss0
reinforcement learning agent is to choose a policy such that the´ joint
´ state-action distribution
p(s, a) = µπ (s)π(a|s) maximizes the average reward J(π) = S A π(a|s)µπ (s)Ras dads.
To avoid overly greedy optimization and instabilities in the learning process, the KullbackLeibler (KL) divergence of a sampling distribution q(s, a) from the state-action distribution
p(s, a) can be bounded (Peters et al., 2010), leading to the sample-based solution


δ(si , ai , V )
π(ai |si )µπ (si ) ∝ q(si , ai ) exp
, δ(s, a, V ) = Ras +Es0 [V (s0 )|s, a]−V (s) (1)
η
where V (s) and η denote Lagrangian multipliers, and δ denotes the Bellman error (Peters
et al., 2010). These multipliers are obtained through minimization of the dual function

!
n
X
1
δ(si , ai , V )
, (si , ai ) ∼ q(s, a)
(2)
g(η, V ) = η + η log
exp
n
η
i=1

The Lagrangian multiplier V (s) is a function of s and resembles a value function. To
calculate the Bellman error δ, the transition distribution is required. As this distribution is
generally not known, δ needs to be approximated. The dual function (2) depends implicitly
on reference distribution q through the samples.
1.2 Problem Statement
In this paper, we aim at developing a method applicable in continuous state-action MDPs
with high-dimensional state representations. We assume hand-coded feature functions and
parametric policies are not available and the transition and reward models of the MDP are
unknown. Furthermore, we will concentrate on infinite-horizon problems.

2. Using Conditional Embeddings to solve Continuous MDPs
In this section, first, we show how to solve this optimization problem with respect to a
non-linear function V . Then, we show how to use conditional embeddings to approximate
the expectated values in Eq. (1).
Functional form of V .
We need to minimize the dual problem in (2): (µ∗ , V ∗ ) =
arg max g(η, V ). We will assume that V ∗ ∈ F for some reproducing kernel Hilbert space
(RKHS) F with kernel ks , i.e., we assume V ∗ is of the form
X
V∗ =
αs̃ ks (s̃, ·),
(3)
s̃∈S̃

for some set S̃ and scalars α. The kernel ks implicitly defines a feature map φ(s) = ks (s, ·).
The implicit definition has the advantage that we do not need to explicitly specify a feature
vector. Instead, we can use a kernel that works in a large number of tasks.
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a is unknown, we
Embedding the transition model. Since the transition model Pss
0
0
a by the expected
need to approximate Es0 [V (s )|s, a]. To do so efficiently we represent Pss
0
implicit features µs0 |s,a = Es0 [φ(s0 )|s, a] (Song et al., 2013). In order to learn the conditional
operator, we will use a kernel over the state-action space of the form ψ(s, a) = ks (s, ·)ka (a, ·).
Given a sample {(s1 , a1 , s01 ), . . . , (sn , an , s0n )}, the empirical conditional embedding

µ̂S 0 |s,a =

n
X

βi (s, a)φ(s0i ),

β(si , ai ) = (Ksa + λI)−1 ksa (si , ai )

(4)

i=1

where β(si , ai ) are the learned conditional embedding strengths (Song et al., 2013), Ψ =
[ψ(s1 , a1 ), . . . , ψ(sn , an )], Φ = [φ(s01 ), . . . , φ(s0n )], Ksa = ΨT Ψ and ksa (s, a) = ΨT ψ(s, a).
Optimizing the dual Since ks is a reproducing kernel and V ∈ F, the expected value of
V can be approximated using the embedded distribution (Song et al., 2013), i.e.,
n
D
E
X
Es0 [V (s0 )|s, a] = V, µ̂S 0 |s,a
=
βi (s, a)V (s0i ).
F

i=1

In the dual g (Eq. 2), V is now only evaluated at sampled si and s0i . The generalized
representer theorem tells us that there is at least one optimum of the form (3) with S̃ the
set of sampled states. Consequently, Es0 |s,a [V (s0 )] − V (s) = αT K̃s β(s, a) − αT ks(s) , where
K̃s is the Gram matrix with entries [K̃s ]ji = ks (s̃j , s0i ), and [ks (s)]j = ks (s̃j , s). The dual
problem, which is convex in α, can now be stated as



δ(si ,ai ,α)
n


X exp
η
 , δ(s, a, α) = Ras + αT K̃s β(s, a) − ks (s) , (5)
g(η, α) = η + η log 
n
i=1

We optimize for η and α using standard second order techniques. Note that, if we choose
kernels ks (si , sj ) = φ̃(si )T φ̃(sj ) and ksa ((si , ai ), (sj , aj )) = I((si , ai ) = (sj , aj )), we obtain
the original REPS formulation by Peters et al. (2010) as a special case. In these equations,
I is the indicator function and φ̃ is a set of hand-crafted features.
Generalizing the Sample-Based Policy The parameters resulting from the optimization, η and α, can be inserted back in (5) to yield the desired probabilities p(si , ai ). Since
states and actions are continuous, we need to generalize from these weighted samples to
nearby data points. To this end, we fit a generalizing stochastic policy π̃(a|s) by minimizing
the expected Kullback-Leibler divergence Es [KL(π(a|s)||π̃(a|s))] of the generalizing policy
from the sample-based policy π(a|s). Due to its flexibility and its good performance on many
practical problems, the cost-sensitive Gaussian processes introduced in the cost-regularized
kernel regression (CrKR) algorithm (Kober et al., 2011) as generalizing policies. Algorithm
1 shows how the different steps of our approach fit together.

3. Related Work
RKHS embeddings have been used to model transition dynamics for reinforcement learning
(Grünewälder et al., 2012). This method considers only discrete action sets and uses greedy
3
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Algorithm 1 REPS with RKHS embeddings
for i = 1, . . . , max iteration do
generate rollouts according to π̃i−1
minimize kernel-based dual:
η ∗ , α∗ ← arg min g(η, α)
calculate kernel embedding strengths:
β j ← (Ksa + λI)−1 ksa (sj , aj )


calculate kernel-based Bellman errors:
δj ← Rj + α∗T K̃s β j − ks (sj )
fit a generalizing non-parametric policy π̃i
end for

Eq. 5
Eq. 4
Eq. 5

maximization with respect to approximated value functions. Rawlik et al. (2013) presents a
method that considers continuous actions, but assumes the environments injects observable
control noise and that the system is control-affine. Another non-parametric method, proposed
by Pazis and Parr (2011), assumes the value function is Lipschitz. This method is model
free and only works for deterministic dynamics. The actions chosen by these methods are
generally deterministic, such that if exploration of the state space is required heuristics such
as -greedy or a softmax policy should be used.
Policy-search methods can be applied to address this shortcoming, by iteratively improving a policy. Bagnell and Schneider (2003) developed a policy gradient method using
RKHS embedding of a desirability function that defines a policy. However, their approach
is restricted to discrete actions, and cannot exploit learnable system dynamics. Lever and
Stafford (2015) introduced another policy gradient approach, which searches for the mean
function of a Gaussian process policy within an RKHS. A disadvantage is that a schedule to
decay the co-variance of the Gaussian towards zero has to be manually defined.
Deisenroth and Rasmussen (2011) describe a non-parametric model-based iterative
method. However, their method requires the reward function to be known and to be of
squared exponential form, and does not address the exploration problem.
REPS is an alternative that performs well on a variety of problems (Lioutikov et al., 2014;
Peters et al., 2010; Daniel et al., 2013). These approaches assume the Lagrangian multiplier
V is linear in manually-defined features and do not consider non-parametric policies. So
far, work on learned transition models for REPS has been limited. The transition dynamics
have been approximated by deterministic single-sample outcomes (Daniel et al., 2013; Peters
et al., 2010), or by time-dependent linear models (Lioutikov et al., 2014).

4. Experiments
We evaluate our contribution on a reaching task, as well as two variations of the underpowered
pendulum swing-up task. We will first discuss elements of our set-up that are the same
across tasks, and then discuss implementation specifics and results for each tasks separately.
4.1 Experiment Set-up
We do not consider it possible for our agent to explore by choosing arbitrary state-action
pairs. Instead, as shown in Alg. 1, from an initial state distribution our agent explores
using its stochastic policy. After every 10 rollouts, the model learner and the policy of the
4
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agents are updated. To bootstrap the model and the policy, the agent is given 30 rollouts
using a random exploratory policy initially. To avoid excessive computations, we include a
simple forgetting mechanism that only keeps the latest 30 rollouts at any time. Each roll-out
contains 49 samples on expectation. In our experiments, for every method, we performed 10
trials. The model and policy are refined incrementally in every iteration.
4.2 Comparative Methods
We compared multiple methods to learn the tasks. On the one hand, we consider the
non-parametric value-function based methods introduced by Grünewälder et al. (2012) and
Pazis and Parr (2011). We also compare to versions of REPS that use the sample-based
model approximation introduced by Daniel et al. (2013), and one that uses fixed features.
Sample based model. For near-deterministic systems, the observed f (s0i ) can be used as
coarse approximation for Es0 [f (s0 )|si , ai ].
Feature based REPS Instead of the non-parametric form of V assumed in this paper,
we can follow earlier work and define a fixed feature basis consisting of radial basis functions
distributed according to a grid over the state-action space.
Approximate value iteration. We compare an on-policy version of the method by
Grünewälder et al. (2012) by replacing the maximum operator by a softmax to ensure
exploration. We also evaluate the proposed off-policy variant that uses a grid of training
points over the state-action space, which is a richer set of inputs than that obtained by the
other methods under comparison.
Non-parametric approximate linear programming. We compare to an on-policy
variant of the method by Pazis and Parr (2011), where exploration is assured by adding
Gaussian noise in a fraction  of selected actions.
4.3 Reaching Task Experiment
In the reaching task, we simulate a simple deterministic two-link planar robot. The robot
gets negative reinforcement according to the square of the applied action and of the distance
of its end-effector to the desired Cartesian position.
We use the commonly used exponential-squared (or Gaussian) kernel for angular velocities
θ̇ and actions. However, for the angles θ we need a kernel that represents its periodicity. We
P
(d)
(d)
chose the kernel kp (xi , xj ) = exp(− d sin((xi − xj )/(2π))2 /[l]2d ), with l free parameters.
Consequently, the kernel k((θ i , θ̇ i , ai ), (θ j , θ̇ j , aj )) = kp (θ i , θ j )kse (θ̇ i , θ̇ j )kse (ai , aj ).
Feature-based REPS needs a grid over the complete state-action space. Because of
practical difficulties with the six-dimensional state-action space, we omitted this method.
Results of the reaching task The results of the reaching task are shown in Figure 1a.
As this task is deterministic, the sample-based model is optimal and provides a upper bound.
Since REPS with RKHS embeddings needs to iteratively learn the model, its convergence is
slower.
The baseline methods NPALP and value iteration using RKHS embeddings obtain good
performance after the first couple of iterations, but are not suitable for iterative learning as
5
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(a) Learning progress of the different methods
on the reaching task. As this environment is
deterministic, sample-based approximations
of the transition functions are optimal. Error
bars show twice the standard error of the
mean.

(b) Learning progress of the different methods
on the swing-up task. Our non-parametric
relative entropy method outperforms the other
on-policy learners. Error bars show twice the
standard error of the mean.

Figure 1: Comparative results on two tasks with low-dimensional sensing.

they stop improving after that. The grid based value iteration scheme fails because of the
high dimensionality of the state space.
4.4 Low-Dimensional Swing-up Experiment
In this experiment, we simulate a pendulum with a torque a applied at the pivot. Additive
noise is applied to the controls. The algorithms are given the angle θ and the angular velocity
θ̇ directly, so that the state s = [θ, θ̇]T . The kernels used are the same as in the reaching
task experiment (Sec. 4.3). The NPALP method was not designed for stochastic systems
and is consequently omitted.

Results of the low-dimension swing-up. A comparison between the methods is shown
in Fig. 1b. The value iteration methods starts out competitively, but fails to keep improving
the policy. Large variance indicates the learning process is unstable. The bounded policy
update in REPS makes learning progress smooth by limiting information loss, and trades off
exploration and exploitation.
The sample-based model learner performs considerably worse in this experiment, as it
cannot account for stochastic transitions. The variant with fixed features performs well
initially, but in later iterations the non-parametric can perform better as it focuses its
representative power on frequently visited parts of the state-space.
The grid-based value iteration method works well. However, providing the grid is only
possible in simulation, as without an existing controller it is generally not possible to start
the dynamical system with arbitrary position and velocity.
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(a) Illustration of high-dimensional features.
First row: Low-resolution images of the pendulum are rendered to yield the first 400 dimensions of the feature vector. Second row:
the difference images form the next 400 dimensions of the feature vector.

(b) Learning progress of our method on the
underpowered pendulum swing-up directly
from joint values and from rendered images.
Shaded area is twice the standard error of the
mean.

Figure 2: Features and results for the high-dimensional swing-up task
4.5 High-Dimensional Swing-up Experiment
In a more challenging version of the swing-up, the agent only has access to images of the
pendulum. We render a blurred image of the pendulum in its current state, as well as a
difference image between visual representations of the pendulum in its current- and previous
state (to provide a notion of angular velocity). The state representation, illustrated in
Fig. 2a, is 800 dimensional.
Employing polynomial features or a grid of radial basis functions in such a big space
would be infeasible. All comparative methods that performed reasonably rely on a grid, so
we will compare our method only to our solution from the previous experiment. We chose
squared-exponential kernels for all dimensions. To reduce the number of hyperparameters,
we constrain the bandwidth on all pixels per image to be the same.
Results for the high-dimensional swing-up. The results of the evaluation of our
approach, together with the sample-based baseline method, are shown in Fig. 2b. We see
that the learning progress is a bit slower than progress on the low-dimensional task. However,
the final solution is equally good.

5. Discussion and Future Work
In this paper, we have developed a policy search method with smooth, robust updates to
solve continuous MDPs. This method uses learned non-parametric models and allows the
use of non-parametric policies, avoiding hand-crafted features.
Many tasks concerning sensory data hava a high extrinsic dimensionality, but are
intrinsically low-dimensional. Kernel-based algorithms perform all operations on kernel
values, so they are invariant to the extrinsic dimensionality.
We show the resulting algorithm to be able to outperform other algorithms on a reaching
task and a pendulum swing-up task with control noise. Our algorithm does this using only
on-policy samples, i.e., without the need to sample arbitrary state-action pairs. We also show
7
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the algorithm is able to solve the task using only rendered images, with an 800-dimensional
representation of the state space.
We are currently working to scale up the algorithm using efficient approximations to
scale the algorithm to larger data sets. We are also investigating how to address specific
problems in real-world robotic tasks like delays and hysteresis.
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