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Abstract
Value functions provide an elegant solution to the delayed reward problem in reinforcement learning,
but it is difficult to accurately estimate and approximate them when the state space is high-dimensional.
As a result, policy gradient methods that use Monte Carlo estimation are often preferred over methods
that approximate the value function. We propose a method for using an approximate value function to
help estimate the advantage function and obtain better policy gradient estimates, even when the value
function is inaccurate. These estimators use a timescale parameter that makes an explicit tradeoff between bias and variance, and they empirically achieve faster policy improvement than Monte Carlo
estimation and the actor-critic method, which can be viewed as limiting cases of these estimators. We
present experimental results on a standard cart-pole benchmark task, as well as a number of highly challenging 3D locomotion tasks, where we show that our approach can learn complex gaits using neural
network function approximators with over 104 parameters for both the policy and the value function.

1

Introduction

Value functions lie at the core of standard, well-known algorithms such as policy iteration and value iteration. The canonical versions of these algorithms represent the policy and value function with tables, which
are only practical when the state space is finite and small. Approximate dynamic programming (ADP)
algorithms, which represent the policy and value function with function approximators, can extend these
approaches to MDPs with large or infinite state and action spaces. Unfortunately, convergence of such
approximate methods requires a number of stringent constraints to be satisfied by the value function approximator [12]. In theory, and often in practice, small errors in the estimated value function can cause instability,
nonconvergence and poor performance, particularly when using nonlinear function approximators. While
ADP has been found to sometimes work well far outside the regime that is justified by the theory, it remains
difficult to apply to high-dimensional problems, where nonlinear function approximators are needed to fit
the value function with reasonable accuracy.
Policy gradient methods provide a conceptually straightforward approach to learning policies since they
directly optimize the expected cost. Monte-Carlo estimators of the policy gradient [19] are unbiased and
do not require a value function. However, the variance scales unfavorably with the time horizon, since the
effect of an action is confounded with the effects of past and future actions.
Another class of policy gradient estimators uses the value function to estimate the advantage of each
action. These methods, called actor-critic methods [10], avoid the problem of high variance of policy
gradient estimators, at the cost of introducing bias (due to inaccuracy of the value function). A biased
estimator may cause the algorithm to diverge or converge to a suboptimal solution.
We propose a family of policy gradient estimators that interpolate between these two cases, providing
explicit control over the bias-variance tradeoff. We call this estimation scheme, parameterized by λ ∈ [0, 1],
the generalized advantage estimator (GAE).
Related schemes have been proposed in the context of online actor-critic methods [9, 18], however, we
provide a more general analysis based on estimating advantages. One interpretation of the GAE is that it
replaces the discounted sum of costs by a discounted sum of shaped costs, where the learned value function
is used as a potential field for cost shaping.
1

Our empirical results show that the GAE (with 0 < λ < 1) achieves significantly faster policy improvement compared to both pure Monte Carlo estimation and the actor-critic method (which are limiting cases
of our approach). We present experimental results on a standard cart-pole benchmark task, as well as a number of highly challenging 3D locomotion tasks, where we show that our approach can learn complex gaits
using high-dimensional, general purpose neural network function approximators with over 104 parameters
for both the policy and the value function.
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Preliminaries

We will consider an undiscounted formulation of the policy optimization problem. The initial state s0 is
sampled from the distribution ρ0 . A trajectory (s0 , a0 , s1 , a1 , . . . ) is generated by sampling actions according to the policy at ∼ π(at | st ) and sampling the states according to the dynamics st+1 ∼ P (st+1 | st , at ).
A costPct = c(st , at , st+1 ) is incurred at each timestep. The goal is to minimize the expected total cost
C = ∞
t=0 ct . This formulation encompases episodic and discounted formulations of the problem: to recover the episodic case with a fixed horizon of T timesteps, we can set c(st , at , st+1 ) = 0 for all t ≥ T ; to
recover the discounted case, include t in the state and add a factor γ t in the cost.
We will view the discount γ only as a parameter of the algorithm rather than the underlying MDP; this
viewpoint has been proposed and discussed by several prior articles [8, 2, 7] in the context of average-cost
problems. However, this work uses a total-cost formulation, rather than an average-cost formulation. The
average-cost setting requires ergodicity and fast mixing [2], which are not satisfied by the MDPs we will
consider.
Policy gradient methods estimate the gradient of the expected cost
"∞ #
X
ct .
(1)
g = ∇θ E
t=0

There are several different related expressions for the policy gradient, which have the form
"∞
#
X
ψt ∇θ log πθ (at | st ) ,
g=E

(2)

t=0

where ψt may be one of the following.
P∞
1.
s=0 cs : total cost of the trajectory.
P∞
2.
l=0 ct+l : tost following action at .
P∞
3.
l=0 ct+l − b(st ): baselined version of previous formula.
4. Qπ (st , at ): state-action value function.
5. Aπ (st , at ): advantage function.
P∞
π
π
6.
l=0 (ct + V (st+1 ) − V (st )): actor-critic formula.
These formulas can be derived from each other through straightforward manipulation of nested expectations
and by using the fact that Eat [∇θ log πθ (at | st )] = 0. The latter formulas use the definitions
"∞
#
X
π
V (st ) = Est+1:∞ ,
ct+l
(3)
at:∞

l=0
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"
π

Q (st , at ) = Est+1:∞ ,

∞
X

#
ct+l

(4)

Aπ (st , at ) = Qπ (st , at ) − V π (st ). (Advantage function)

(5)

at+1:∞

l=0

Note: the subscript of E enumerates the variables being integrated over. In general, the formula based on
total cost (Item 1) has the highest variance, and the the formula based on Aπ (Item 5) has the lowest (but
requires that advantage function is known, which isn’t the case in practice).
For the rest of this article, we will not be estimating the policy gradient, but rather an approximation to it,
which is formed by introducing a discount factor γ. The consequences of this approximation are discussed
further in Section 4. First, let us define the discounted value functions
"∞
#
X
V π,γ (st ) = Est+1:∞ ,
γ l ct+l
(6)
at:∞

"
Qπ,γ (st , at ) = Est+1:∞ ,
at+1:∞

l=0
∞
X

#
γ l ct+l

(7)

l=0

Aπ,γ = Qπ,γ (s, a) − V π,γ (s).

(8)

where Q̂t = ct + γct+1 + γ 2 ct+2 + . . . .
The discounted approximation to the policy gradient is defined as follows:
γ

g =

∞
X



Est Eat | st [Aπ,γ (st , at )∇θ log πθ (at | st )] .

(9)

t=0

The following formula is equivalent:
γ

g = Es0:∞ ,

"∞
X

a0:∞

#
Q̂γt ∇θ

log πθ (at | st ) ,

(10)

t=0

where Q̂t = ct + γct+1 + γ 2 ct+2 + . . . .
Henceforth, we will omit the superscript γ on V π , Qπ to reduce clutter.
If we know the advantage function Aπ , we can form an estimator based on Equation (9). But in general,
π
A is difficult to estimate. On the other hand, we can construct an estimator based on Equation (10) that
uses a single sampled trajectory obtained by applying the current policy π. Below we will show how the
estimator in Equation (10) can be decomposed into several terms, including the estimator from Equation (9)
plus zero-mean noise terms from the confounding effects of past and future actions.

3

Policy gradient estimators using a value function

This section will show how to use the value function to construct estimators of the advantage function, which
can then be used for policy gradient estimation. Define δtV = ct + γV (st+1 ) − V (st ), where V denotes an
approximation to the policy’s value function V π . Q̂ can be rewritten using a telescoping sum:
Q̂t =

∞
X

γ l ct+l

l=0

= V (st ) +

∞
X
l=0

3

V
γ l δt+l

(11)

= V (st ) + δtV +

∞
X

V
γ l δt+l
.

(12)

l=1

For any V , the leftmost term in Equation (12) gives no contribution to the gradient:
Eat ∼πθ (at | st ) [∇θ log πθ (at | st )V (st )] = Eat ∼πθ (at | st ) [∇θ log πθ (at | st )] V (st )

(13)

= 0.
For V = V π , the rightmost term in Equation (12) also gives no contribution:

 π 

π
Est:∞ , ∇θ log πθ (at | st ) · δtV0 = Est:∞ , ∇θ log πθ (at | st ) · Est0 ,at0 δtV0
at:∞

at:∞

= 0.
(14)
 V π
The last equation follows because Est0 ,at0 δt0 = Est0 ,at0 [ct0 + γV π (st0 +1 ) − V π (st0 )] = 0.
Hence, if V = V π , Equation (12) can be interpreted as follows: the leftmost term encodes the contribution of predecessors of at to Q̂t , the rightmost term encodes the contribution of successors of at to Q̂t , and
the middle term encodes the contribution of at itself. The policy gradient estimator in Equation (9) is based
on using just the middle term in Equation (12), i.e., subtracting out the zero-mean contributions from the
past and future.
The first way to incorporate an approximate value function V into policy gradient estimation is as a
baseline, where we replace Q̂t by Q̂t − V (st ) in Equation (10). An accurate approximation V ≈ V π
will reduce the variance of the policy gradient estimator, and the baseline will not introduce any bias even if
V (st ) 6= V π (st ) [6]. However, as we show later, greater variance reduction can be achieved by incorporating
the value function at future time steps.
A second way we can incorporate the value function is to truncate the sum of costs after some
Pfinite lnumV
ber of timesteps, using the value function as a terminal cost. Consider the sum Q̂t − V (st ) = ∞
l=0 γ δt+l .
V with l > 0 have expectation zero for V = V π . Hence we can
All of the terms ∇θ log πθ (at | st )δt+l
construct a policy gradient estimator that drops these terms (corresponding to long-term dependencies of
actions), which introduces no bias for V = V π . The limiting case of this procedure, where the sum is
truncated immediately, corresponds to the actor-critic method, which uses ct + γV (st+1 ) − V (st ) as the
advantage estimator.
Now we are ready to describe estimators that drop
terms with large delay l, to reduce variance.
Pk−1offl the
V = −V + c + γc
k−1 c
:=
Define the truncated advantage estimator ÂV,k
γ
δ
t
t
t+1 + · · · + γ
t+k−1 +
t
l=0
t+l
V,k
k
π
γ Vt+k . Ât is an unbiased estimator (of the advantage function) when V = V . We can take a linear
combination of these truncated estimators Âk with different horizons k, giving us an estimator that averages
the value function at multiple states. We will focus on the exponentially-weighted average, defined as
Âλt = (1 − λ)

∞
X

λk Âkt ,

(15)

k=0

where λ ∈ (0, 1). Rearrangement of this sum gives
Âλt =

∞
X
V
(γλ)l δt+l
.

(16)

l=0

Hence, Âλt can be interpreted as a discounted sum of Bellman error terms δtV , with discount γλ. Note that
TD(λ) for value function estimation involves the same sum. The resulting policy gradient estimator, which
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we call the generalized advantage estimator, is given by
"∞
#
∞
X
X
γ
V
gGAE
= Es0:∞ ,
∇θ log πθ (at | st )
.
(γλ)l δt+l
a0:∞

t=0

(17)

l=0

Since each truncated estimator ÂV,k
is unbiased for V = V π , it follows that the estimator from Equation (17)
t
π
is also unbiased for V = V .
Taking λ = 1 and expanding the telescoping sum, we obtain the baselined Monte-Carlo policy gradient
estimator:
"∞
#
X
λ=1
γ
∇θ log πθ (at | st )Ât
(18)
g = Es0:∞ ,
a0:∞

t=0

= Es0:∞ ,
a0:∞

"∞
X

#
∇θ log πθ (at | st )(Q̂t − V (st ))

(19)

t=0

Taking λ → 0, all of the δt+l terms in Equation (16) drop except the first one, with l = 0, yielding
"∞
#
X
γ
λ=0
g = Es0:∞ ,
∇θ log πθ (at | st )Ât
a0:∞

= Es0:∞ ,
a0:∞

t=0
"∞
X

(20)

#
∇θ log πθ (at | st )δt ,

(21)

t=0

which uses the “one-step” advantage estimator Âλ=0
= δt = ct + γvt+1 − vt , analogously to actor-critic
t
methods [10]. Thus these well-known estimators are boundary cases of GAE.
At this point it is worth clarifying the differing roles of γ and λ, both of which introduce bias-variance
tradeoffs. Taking γ < 1 introduces bias, regardless of the value function’s accuracy. Also, crucially, γ
determines the scale of the value function V π,γ . On the other hand, λ < 1 introduces bias only when the
value function is inaccurate. In our experiments that follow, the best value of λ (empirically) is as low as
0.9, whereas the best γ was approximately 0.99, and γ = 0.9 would lead to a disastrous amount of bias.

4

Interpretation as Cost Shaping

Cost shaping refers to the following transformation of the cost function of an MDP: let Φ : S → R be an
arbitrary scalar-valued function on state space, and define the transformed cost function c̃ by
c̃(s, a, s0 ) = c(s, a, s0 ) + γΦ(s0 ) − Φ(s).

(22)

As pointed out by Ng et al. [11], this shaping transformation does not alter the optimal policy. In fact,
it leaves the advantage function Aπ unchanged for any policy π. This follows from the observation that
if we consider any two trajectories starting from the same state, the difference in their discounted costs is
unchanged by the shaping transformation. Note that if Φ happens to be the value function V π (in the original
MDP), then the new MDP has the interesting property that V π is zero at every state. Now it becomes clear
that the terms δtV in the policy gradient estimators of Section 2 can be interpreted as reshaped costs, using
the approximate value function Φ = V for shaping.
To further analyze the effect of this shaping transformation, it will be useful to introduce the notion of a
response function χ, which we define as follows:
χ(l; s, a) = E [ct | s0 = s, a0 = a] − E [ct | s0 = s] .
5

(23)

P
l
Note that Aπ,γ (s, a) = ∞
l=0 γ χ(l; s, a), hence the response function decomposes the advantage function
across timesteps. The response function lets us quantify the temporal credit assignment problem: long range
dependencies between actions and costs are correspond to nonzero values of the response function for l  0.
Given the shaped cost function c̃ using Φ = V π , we have E [c̃t+l | st , at ] = E [c̃t+l | st ] = 0 for l > 0,
i.e., the response function is only nonzero at l = 0. Therefore, this shaping transformation turns a temporally
extended response into an immediate response.
Given that V π completely reduces the temporal spread of the response function, we would hope that
a good approximation V would partially reduce it. This observation suggests an interpretation of Equation (17): take the original Monte-Carlo estimator for the policy gradient in Equation (10), reshape the costs
using V to shrink the temporal extent of the response function, and then introduce a “steeper” discount γλ
to cut off the terms corresponding to long temporal delays.
Having defined response functions, let us revisit the discount factor γ and the approximation we are
making by using Aπ,γ rather than Aπ,1 . The discounted policy gradient estimator from Equation (9) has a
sum of terms of the form
Aπ,γ (st , at )∇θ log πθ (at | st ) =

∞
X

γ l χ(l; s, a)∇θ log πθ (at | st ).

(24)

l=0

Using a discount γ < 1 corresponds to dropping the terms with l  1/(1 − γ). Thus, the error introduced
by this approximation will be small if χ rapidly decays as l increases. Intuitively, we expect χ(l; s, a) → 0
as l → ∞ for most MDPs—that is, the effect of an action on costs is “forgotten” after enough timesteps.

5

Value Function Estimation

A variety of different methods can be used to estimate the value function (see, e.g., [3]). When using a
nonlinear function approximator to represent the value function, the simplest approach is solve a nonlinear
regression problem:
minimize
φ

N
X

kVφ (sn ) − V̂n k2 ,

(25)

n=1

P∞ l
where V̂t =
l=0 γ ct+l is the discounted sum of costs, and n indexes over all timesteps in a batch of
trajectories. This is sometimes called the Monte Carlo or TD(1) approach for estimating the value function
[14]. 1
For the experiments in this work, we used a trust region method to optimize the value function in each
iteration of a policy iteration procedure. The trust region helps us to avoid overfitting
to the most recent batch
P
2
of data. To formulate the trust region problem, we first compute σ 2 = N1 N
kV
φold (sn ) − V̂n k , where
n=1
φold is the parameter vector before optimization. Then we solve the following constrained optimization
problem:
minimize
φ

subject to

N
X

kVφ (sn ) − V̂n k2

n=1
N
1 X kVφ (sn ) − Vφold (sn )k2
≤ .
N
2σ 2

(26)

n=1

1

Another natural choice is to compute target values with an estimator based on the TD(λ) backup [3, 14], mirroring the expresP
l
sion we use for policy gradient estimation: Vˆtλ = Vφold (sn ) + ∞
l=0 (γλ) δt+l . While we experimented with this choice, we did
not notice a difference in performance from the λ = 1 estimator in Equation (25).

6

We compute an approximate solution to the trust region problem using the conjugate gradient algorithm
[20].

6

Experiments

We designed a set of experiments to investigate following questions:
1. What is the empirical effect of varying λ ∈ [0, 1] when using generalized advantage estimation in a
policy gradient algorithm?
2. Can generalized advantage estimation be used along with a policy gradient algorithm to robustly
optimize large and complex policies?

6.1

Policy Optimization Algorithm

For the experiments that follow, we performed the policy updates using trust region policy optimization [13].
This method repeatedly computes policy updates that minimize g T (θ − θold ) subject to a constraint on the
KL divergence between the old and new policy, yielding a step in the direction ∆ ∝ −A−1 g, where A is the
average Fisher information matrix.

6.2

Experimental Setup

Figure 1: Top: robot model used for 3D bipedal locomotion. Bottom: a sequence of frames from the learned
locomotion gait. Since the cost function was not concerned with the arms, the policy chose to use them to
help with lateral balancing. The policy produces a naturalistic gait, which may be viewed on the project
website: https://sites.google.com/site/gaepapersupp/
We evaluated our approach on the classic cart-pole balancing problem, as well as two challenging 3D
locomotion tasks: humanoid walking, and non-humanoid walking for a model inspired by the “TARS” robot
from the recent film Interstellar (2014). For all tasks, the value function was represented by a neural network.
The 3D humanoid robot model is shown in Figure 1 and the TARS robot model is shown in Figure 2.
We used the same neural network architecture for the the humanoid and TARS locomotion tasks: a
standard feedforward network with two hidden layers, each with 50 rectified linear (ReLU) units, given by
f (x) = max(x, 0). The final output layer had linear activation. Moreover, we used the same architecture for
the policy and value function, up until the final outputs of the networks, which have different dimensionality.
(Note, however, that no parameters were shared between the policy and value function networks.)
7

Figure 2: Simulated robot model inspired by the TARS character from the movie Interstellar.
Details of the cart-pole system are discussed by Barto et al. [1]. The locomotion tasks used the MuJoCo
physics simulator [16]. The humanoid model has 33 state dimensions and 10 actuated degrees of freedom,
while the TARS model has 21 state dimensions and 4 dimensional actions. Both locomotion tasks require
the policy to deal with underactuation and contact discontinuities, as well as the high dimensionality of the
policy. The initial state for both locomotion tasks consisted of a uniform distribution centered on a reference
configuration, which required the policy to learn to deal with perturbations. Episodes were terminated when
the height of the root link crossed a falling threshold, and the following terms were included in the cost
function:
• Linear reward for forward progress
• Quadratic costs on torques
• Quadratic costs on foot impacts, to discourage hopping gaits
• A constant reward for being in a non-terminal state
This cost function is minimally informative about the task, with only the impact cost encoding prior information about the gait (namely, that a gentle rolling gait is preferred over hopping).

6.3

Experimental Results

We trained policies using different settings of λ for each task, with γ = 0.99. The results on the cart-pole are
averaged across 21 experiments with different random initializations, while the other results are averaged
over 3 experiments, due to the increased computational cost of training complex locomotion controllers.
The results for the cart-pole, shown in Figure 3, indicate that the algorithm learns fastest with λ ∈
[0.92, 0.98]. Learning is significantly faster when using a value function, and slightly faster than λ = 1,
which corresponds to only using the value function as a baseline.
The results for the locomotion tasks, shown in Figure 4 and Figure 5, indicate that the GAE also achieves
fast learning on these much larger domains. The best values for λ are again intermediate values in the range
λ ∈ [0.92, 0.98]. The best policies on the humanoid locomotion task correspond to fast, naturalistic running
gaits. Snapshots of these gaits are shown in Figure 1, and videos are provided on the project website:
https://sites.google.com/site/gaepapersupp/. Note that, unlike prior work on learning
locomotion policies [15, 5, 17], we use minimal prior information and general-purpose neural network
policies, which do not encode basic concepts like balance and footsteps.
The non-humanoid TARS robot was able to learn a fast hopping gait that uses the inner blocks for
propulsion and the outer blocks for stability. Unlike with the humanoid model, the non-humanoid model
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Figure 3: Learning curves for the cart-pole task, using generalized advantage estimation with varying values
of λ. The results are averaged across 21 runs of the algorithm. Note that the fastest policy improvement is
obtain by intermediate values of λ in the range [0.92, 0.98].
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Figure 4: Learning curves for 3D bipedal locomotion, averaged across three runs of the algorithm. Setting
λ = 0.98 achieved the fastest learning, and produced the best final policy.
offers little guidance about how to design an effective gait, and the ability of our method to synthesize an
effective gait with minimal prior information showcases one of the key strengths of reinforcement learning:
the ability to automatically learn effective control policies even on complex, unfamiliar systems. Unlike in
the humanoid locomotion domain, λ = 1 performs just as well as the lower values of λ, i.e., GAE provides
no advantage over the classic baselined estimator.

7

Discussion

In problems with large or continuous state spaces, nonlinear function approximators are required to estimate
the value function with any degree of accuracy. However, such approximators typically offer few useful
guarantees about the accuracy of the value function, and can often result in poor performance or divergence of ADP algorithms. In this paper, we describe a generalized advantage estimator for policy gradient
methods, which allows us to incorporate approximate value function estimators into the policy optimization
while explicitly controlling the tradeoff between bias and variance. This results in methods that combine the
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Figure 5: Learning curves for TARS robot, averaged across three runs of the algorithm. Setting λ = 0.98
again achieved the fastest learning, though the final policy was comparable to the one obtained with λ = 1.0.
reliability and scalability of policy gradient methods with the efficiency of value function estimation.
The generalized advantage estimator interpolates between two
estimators. Taking λ = 1,
Pwell-known
∞
l
we obtain the baselined Monte Carlo estimator Ât = −Vt + t=0 γ ct+l . Taking λ = 0, we obtain
the one-step advantage estimator that has previously been proposed in the context of actor-critic methods:
Ât = ct + γVt+1 − Vt .
Our main experimental validation of generalized advantage estimation is in the domain of simulated
robotic locomotion, which is challenging due to the high dimensionality of the state and action space and
the complexity of the function approximators for the policy and value function, which we represent with
large neural networks. In these domains, the λ = 0 estimator has excessively high bias, and the λ = 1
estimator has excessively high variance. As shown in our experiments, choosing an intermediate value of λ
in the range [0.9, 0.99] results in faster learning and, in the case of the bipedal humanoid gait, arrives at a
better solution, enabling the algorithm to learn effective locomotion policies from scratch.
One question that merits future investigation is the relationship between value function estimation error
and policy gradient estimation error. If this relationship were known, we could choose an error metric for
value function fitting that is well-matched to the quantity of interest, which is typically the accuracy of the
policy gradient estimation. Some candidates for such an error metric might include the Bellman error or
projected Bellman error, as described in [4].
Another enticing possibility is to use a shared function approximation architecture for the policy and the
value function, while optimizing the policy using generalized advantage estimation. While formulating this
problem in a way that is suitable for numerical optimization and provides convergence guarantees remains
an open question, such an approach could allow the value function and policy representations to share useful
features of the input, resulting in even faster learning.
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